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1 Introduction

The monetary models employed in academia and central banks postulate
that too high (or too low) rates of inflation give rise to distortions in
relative prices. These distortions drive many of the trade-offs and policy
prescriptions, e.g., the recommendation to implement low and stable
inflation rates.! While being central to monetary theory, there exists no
structural empirical evidence in support of inflation distorting relative
prices.

The present paper seeks to fill this gap and derives a novel theory-
consistent empirical approach that allows estimating the marginal effect
of inflation on relative price distortions. The paper uses this approach
to estimate the relationship between inflation and relative price distor-
tions in the micro price data underlying the U.K. consumer price index.
It documents that inflation is associated - at the product level - with
economically significant amounts of price distortions, in line with what
sticky price theories predict. At the aggregate level, price distortions
covary positively with aggregate inflation over time.

Documenting the relationship between inflation and relative price
distortions is challenging for a number of reasons and the present paper
makes progress by overcoming a number of these challenges.

First, it is difficult to recover inflation-induced price distortions from
price observations. Price distortions consist of the gap between the ac-
tual price charged by the firm and the so-called ‘flexible price’, i.e., the
counterfactual price the firm would charge in the absence of price rigidi-
ties.? We formally show that the flexible price process - and therefore
the distribution of price distortions - cannot be identified from micro
price data, whenever the dynamics of the flexible price contain some
stationary stochastic component.?

In light of this finding, it may not be surprising that previous papers
documenting the relationship between price dispersion and inflation do
not decompose price dispersion into the dispersion present under flexi-
ble prices and the additional dispersion arising from too high or too low
inflation,, e.g., Nakamura, Steinsson, Sun and Villar (2018) and Wulfs-

See, for instance, Woodford (2003), Gali (2015), Adam and Weber (2019) or
Archarya, Challe and Dogra (2023).

2The flexible price may itself be distorted, e.g., due to market power. Distortions
due to price stickiness come on top of the distortions that are already present under
flexible prices.

3Price gaps can be estimated in the rare cases in which additional information
about marginal costs and the desired mark-up is available. Eichenbaum, Jaimovich
and Rebelo (2011) estimate price gaps using such information for supermarket goods,
but do not analyze how inflation affects price distortions.



berg (2016). Instead, these papers highlight the difficulties associated
with empirically recovering the gaps between the actual and the flexible
price.*

An important contribution of the present paper is to show how one
can empirically identify the marginal effect of inflation on price distor-
tions without the need to identify the level of price distortions. We show
that time and state-dependent pricing models make identical predictions
(up to a second-order approximation) on how this can be achieved using
micro price data alone: one first computes residual price variation around
the life-cycle trend of a product, where a product is a physical object
or a service sold in a particular location over time. In a second step,
one relates this residual variation - in the cross-section of products - to
a squared measure of the deviation of inflation from its product-specific
optimal level. This structural approach is valid without imposing any as-
sumptions on the evolution of the cross-sectional distribution of flexible
prices over time.

A second challenge is related to the fact that - according to sticky
price theory - a higher inflation rate may either increase or decrease price
distortions. The direction of the effect depends on whether the current
inflation rate lies above or below the optimal (distortion-minimizing) in-
flation rate.® Existing work tends to ignore this issue and often assumes
that the optimal inflation rate is zero. Yet, the optimal inflation rate
typically differs from zero and has been found to vary systematically in
the cross-section of products (Adam and Weber (2022), Adam, Gautier,
Santoro and Weber (2022)).

To address this issue, the present paper uses measures of suboptimal
inflation, i.e., of the difference between the actual and the optimal level
of inflation to obtain estimates of the marginal effect of suboptimal infla-
tion on relative price distortions. We show that price distortions in the
data depend on the squared value of suboptimal inflation, in line with
the theoretical predictions. In particular, we robustly find that the effect
of suboptimal inflation on product-level price distortions is statistically
significant in 95% of the expenditure categories underlying the U.K. con-
sumer price index. Interestingly, the notion that price distortions at the
product level are driven by the square of the inflation rate receives no
support in our data.

The third challenge this paper addresses is that it is generally difficult
to establish a causal relationship between inflation and inefficient price
dispersion by exploiting variation in aggregate inflation over time: out-

4See section IV.A in Nakamura et al. (2018).
°If the optimal level of inflation lies above (below) the actual level, then sticky
price models predict that higher rates of inflation decrease (increase) price distortions.
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Figure 1: Inflation and price dispersion (United Kingdom, 1996-2016)

side hyperinflationary episodes, aggregate inflation tends to vary slowly
over time, so that its movements are often hard to distinguish from a
slow-moving time trend. Observed time trends in price dispersion might
then reflect either the time trends in inflation or other trends, e.g., a
secular increase in the variety of products over time.

Our empirical approach overcomes this issue by exploiting cross-
sectional variation in the product-specific optimal inflation rate. This
variation is driven by product-specific fundamentals, e.g., the rate of
productivity progress at the product level. According to the theory,
cross-sectional heterogeneity in these product-specific fundamentals is
unrelated to inflation and thus induces quasi-exogenous variation in the
gap between actual and optimal inflation that can be exploited to esti-
mate causal effects.

Using these insights, we decompose the observed cross-sectional dis-
persion of prices into two components: (i) a component reflecting identi-
fiable parts of the flexible price dispersion, and (ii) a residual component.
While the residual component fails to identify the level of price distor-
tions, one can use it to identify the marginal effect of inflation on price
distortions.

Figure 1 illustrates this decomposition. The top panel depicts the



evolution of overall cross-sectional dispersion of log prices over time.°

Overall price dispersion in the U.K. is rising strongly and stands at a
level that is more than 50% higher in 2016 than in 1996. Inflation,
however, fails to display any trend over this time period, see the bot-
tom panel in figure 1, which suggests that the observed upward trend
in price dispersion is unrelated to inflation.” Using our product-level
approach, we can in fact show that almost all of the increase in overall
price dispersion is due to increased dispersion in the identifiable parts
of the flexible price distribution, i.e., component (i) mentioned above.
Since the flexible price distribution reflects differences in productivities,
flexible-price mark-ups, or unobserved qualities across products, our ap-
proach suggests that these factors are predominantly driving overall price
dispersion in the data.

The bottom panel in figure 1 also depicts the residual component
(i) of overall price dispersion: this component covaries strongly with
aggregate inflation over time, with a correlation equal to +0.58 that is
statistically significant at the 1% level. According to the theory, time
variation in this measure captures time variation in relative price distor-
tions due to changes in inflation.® Time variation in price distortions is
quantitatively large and implies that changes in inflation alone give rise
to an inefficient cross-sectional standard deviation of log prices reaching
at least 3.8% over the sample period.’

Our finding that an increase in aggregate inflation leads to an increase
in aggregate price distortions aligns well with key assumptions made in
monetary models and should thus increase confidence in the economic
relevance of key policy recommendations derived from these models, e.g.,
the desirability of targeting low and stable inflation rates. It also aligns
well with recent findings in Ascari, Bonmolo and Haque (2022), who
show that high inflation rates are associated with a loss in the economy’s

6The dispersion measure is constructed by computing the variance of log prices
at the level of more than 1000 expenditure items and then aggregating across items
at each point in time using household expenditure weights. Nakamura et al. (2018)
compute aggregate price dispersion using the interquartile range of log prices and
aggregate across expenditure items using the expenditure weighted median. This
leads to very similar conclusions. We use the variance measure because the underlying
theory delivers decomposition and aggregation results for variance-based dispersion
measures only.

"Even detrended measures of overall price dispersion fail to correlate in a statis-
tically significant way with inflation.

8Due to the identification problem, the level of this measure does not identify the
level of relative price distortions.

9While the dispersion measure fails to identify the level of price distortions, it can
still be used to compute upper an lower bounds for the contribution of inflation to
price distortions.



output potential. Relative price distortions are one source of potential
output losses associated with high inflation rates, as emphasized in the
literature studying price-induced misallocations inferred from product
mark-ups (Baqaee, Farhi and Sangani (2022), Meier and Reinelt (2022)).

The paper is related to work by Alvarez, Beraja, Gonzalez-Rozada
and Neumeyer (2019) who estimate a nonlinear relationship between
the cross-sectional dispersion of prices and inflation using data from Ar-
gentina. They find that cross-sectional price dispersion does not respond
to inflation for inflation rates below 10%, but rises strongly for higher
rates and eventually levels off. Relatedly, Sheremirov (2020) uses super-
market scanner data for the U.S. and documents how the cross-sectional
dispersion of prices for products with identical barcodes correlates with
inflation over time. He finds that covariation is negative when includ-
ing all prices, but turns slightly positive when excluding sales prices.!’
Instead of estimating a reduced-form relationship between the cross-
sectional dispersion of prices and inflation, our structural approach calls
for estimating across-time dispersion of prices at the level of individual
products and relating this dispersion to a product-specific measure of
suboptimal inflation.

The remainder of the paper is structured as follows. Section 2 illus-
trates, using the simplest possible case, the empirical approach developed
in this paper for identifying the relationship between suboptimal infla-
tion and inefficient price dispersion. Section 3 introduces the full theory
and shows how sticky price models with time or state-dependent pricing
frictions imply a regression approach that allows estimating the causal
effect of suboptimal inflation on price distortions. Section E discusses
econometric issues associated with implementing the approach and sec-
tion 4 introduces the U.K. micro price data to which it is applied. The
main empirical results, including a number of robustness exercises, are
presented in section 5. Section 6 discusses variation of aggregate price
distortions over time and their covariation with aggregate inflation. A
conclusion briefly summarizes. Most technical derivations can be found
in the appendix.

2 The Approach in a Nutshell

This section illustrates how one can empirically identify the marginal
contribution of suboptimal inflation to inefficient price dispersion from
micro price data.

Identification is achieved by considering a set of products for which

10Sara-Zaror (2022) extends the empirical approach of Sheremirov (2020) and doc-
uments that cross-sectional price dispersion strongly rises with the absolute deviation
of inflation from zero, with the relationship becoming flatter for larger inflation rates.



(i) price stickiness and (ii) the shock process driving the idiosyncratic
component of the flexible price is homogeneous across products. One
can then exploit variation in the optimal inflation rate across products
to identify the marginal effect of inflation on inefficient price dispersion.
This holds true even if the actual inflation rate is constant over time.
To provide a simple example, we assume that idiosyncratic shocks are
simply absent, so that the flexible relative price evolves deterministically,
and that prices get adjusted in regular intervals every N > 1 periods
(Taylor (1979)).!' Consider product j, which is a physical object or
service sold in a specific location.!? The flexible optimal relative price
pi = P34/ P of product j is the price the firm would like to charge in
the absence of any price setting frictions and evolves deterministically
according to
Inp}, =Inp; —t-Inll}, (1)

where p} is a product-specific intercept and II a product-specific time
trend, capturing differences in marginal costs (or other factors) across
products. Finally, suppose gross inflation is constant and equal to II.

In this setting, the optimal inflation rate for product j is given by
InIl = InII} because the relative price then gets eroded at the desired
rate InII}: the nominal price for product j can remain constant, so that
price setting frictions do no matter for tracking the desired relative price.
When InIl > InIl; (InIl < Inll}), the relative price gets eroded too
quickly (slowly). As a result, adjustments of the nominal price have to
be made to correct for the ‘wrong’ trend induced by inflation during non-
adjustment periods. Due to price stickiness, these adjustments occur
only occasionally, so that suboptimal inflation leads to deviations of the
relative price from the flexible relative price.

Figure 2 illustrates the situation. It depicts the flexible relative price
In p, for three products (j = 1,2, 3), for which the flexible relative price
falls at rate II7 < I < II. Assuming that actual inflation II is equal
to IIj, the flexible relative price of product 1 coincides with the sticky
relative price Inpj;, so that there are no relative price distortions. For
product j = 2, inflation is too low, which means that the relative price
falls insufficiently during non-adjustment periods. To compensate for
this effect, it becomes optimal to choose a relative price that is lower
than the flexible price in adjustment periods, to reduce the gap between

1These assumptions are special because they allow identifying the flexible price
from micro price data, which fails to be true under the more general assumptions
considered later on, but useful for illustrating the approach.

120bjects or services that are sold in different locations are treated as different
products. The same holds true when an existing product gets substituted by a new
product.
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Figure 2: Relative price trends and relative price distortions (u)

the sticky and the flexible relative price over the lifetime of the sticky
price. Suboptimally low inflation thus leads to a deviation of the sticky
relative price from the flexible relative price. This deviation is even
stronger for product j = 3, which has a higher optimal inflation rate and
- in adjustment periods - a relative price that is even further below the
flexible relative price. A larger gap between inflation and the optimal
inflation rate thus gives rise to larger deviations of the sticky relative
price from the flexible relative price.

Since symmetric arguments apply when inflation is higher than opti-
mal inflation, it is easy to verify that the variance of the gap u between
the sticky relative price around its time trend, i.e., the variance of price
distortions, is a function of the square of suboptimal inflation:

Var(u;) = ¢+ (In1l — In1I})? (2)
where No(N—1 (N1
c=— (V- 1;' (V+1) >0

depends positively on the degree of price stickiness N > 1.

An important insight developed in this paper is the fact that the
relationship between suboptimal inflation and inefficient price dispersion
in equation (2) can actually be estimated using micro price data because
(i) the product-specific optimal inflation rate IT% is identified by the time
trend in the sticky relative price, see figure 2, and (ii) price distortions,



i.e., the gaps between the actual and the flexible price, are identified
by the residuals of a regression of actual prices on a time trend, as
illustrated in figure 2. Thus micro price data suffices to test whether
price distortions vary with suboptimal inflation rates, i.e., whether ¢ > 0,
as predicted by sticky price theory.

While property (ii) fails to be true when the flexible price also de-
pends on unobserved idiosyncratic shocks, we show in the next section
that the presence of such shocks only requires adding a constant to equa-
tion (2). This holds true even when considering more plausible pricing
setting frictions, such as Calvo or menu-cost frictions, as we show in the
following section.

3 Identifying Inefficient Price Dispersion: Theory

This section uses sticky price theory to derive a regression equation
that allows identifying the marginal effect of suboptimal inflation on
inefficient price dispersion using micro price data. The regression ap-
proach turns out to be independent (to a second-order approximation)
of whether price adjustment frictions are of a time-dependent or state-
dependent nature and can be directly applied to micro price data. It
does not require imposing any assumptions on the behavior of the cross-
sectional distribution of flexible prices over time. Section 3.1 considers
time-dependent price-setting frictions and section 3.2 presents the case
with state-dependent frictions.

3.1 Time-Dependent Price Setting Frictions

The price setting problem. We consider the finest possible product
specification in which a product j is a physical object or service sold
in a specific location over time. Otherwise identical objects or services
that are sold in different locations are treated as different products in
our approach. The same holds true whenever an existing product gets
substituted by a new product.

As before, let pj; = Pj;/ P, denote the relative price charged for prod-
uct j, where Pj; denotes the nominal product price and F; the price index
of all competing goods within a narrowly defined expenditure item.'?
Similarly, let p}, denote the flexible relative price, i.e., the price the firm
would like to charge in the absence of price setting frictions. The flexible
price can differ from the (socially) efficient relative price.'

13In our empirical application, we will consider more than 1000 different expendi-
ture items. To simplify notation, we do not separately index the expenditure item in
this section.

14This may be due the presence of product-specific monopoly mark-ups. In the
special case, where desired monopoly mark-ups are identical across products or simply



A second-order approximation to the nonlinear optimal price setting
problem with Calvo price adjustment frictions is then given by'®

max —E, Z(aﬂ)l (Inpj; —¢InIl — lnp;t+i)2 : (3)
7 i=0

where the parameter S € (0, 1) denotes the firm’s discount factor, o €
(0,1) the Calvo probability that the price cannot be adjusted in the
period, and II the gross inflation rate. The firm’s relative price in period
t + 1 is given by Inpj; — ¢InIl, which shows that the reset price Inpj
chosen by the firm gets eroded over time by inflation, as long as prices
fail to adjust. Deviations of the firm’s relative from its flexible optimal
price Inp7, . ; give rise to profit losses that are quadratic in the size of the
deviation.

The dynamics of the flexible price. A key object of interest in
problem (3) is the flexible (or frictionless) relative price pj,. This price
is observed by the firm but not by the econometrician. We consider the
following general stochastic process:

Inpi =Inp; —t-Inll} + Inzy. (4)

The term In p; is an unobserved product fixed-effect that is drawn at the
time of product entry from some arbitrary and potentially time-varying
distribution. It is a stand-in for unobserved location-specific effects such
as difference in the level of marginal costs, wages, rents, service or quality
components of the product. It also captures the presence of product and
location-specific flexible price mark-ups.

The variable IT} in equation (4) captures a product-specific time trend
in the relative price and also denotes the product-specific optimal infla-
tion rate, as discussed in section 2. It is drawn at the time of product
entry from an arbitrary distribution that may also depend on time. The
trend in relative prices may reflect a product-specific rate of productivity
progress, induced for instance by learning-by-doing effects, or product-
specific marginal cost trends induced by trends in wages or rents that are
specific to the particular location where the product is sold. It is well-
known that the strength of these effects varies across products!® and
we will exploit the variation in IT} below to identify the distortionary
effects of inflation. We consider a linear time trend in relative prices
because the relative price dynamics of newly introduced products are

absent, the frictionless relative price is equal to the efficient relative price.

15See Appendix C.1 for a derivation.

16 Adam and Weber (2022) document this for the U.K and Adam, Gautier, Santoro
and Weber (2022) for France, Germany and Italy.
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well-approximated by a linear trend.!” Yet, in our empirical analysis we
also consider nonlinear time trends.

Finally, there is an idiosyncratic stochastic component In z;; in equa-
tion (4), which captures fluctuations induced by changes in productivity
or service components at the product level. The absence of a common
component in these shocks is justified on the grounds that the left-hand
side of equation (4) features the log relative price, thus absorbs com-
mon components in the nominal price (at the level of a narrowly-defined
expenditure category). The stochastic process governing these idiosyn-
cratic components is assumed to be the same for all products within a
narrowly-defined expenditure category and satisfies the following restric-
tion:

Assumption 1: Idiosyncratic shocks In xj; are stationary and Markov.

Assumption 1 effectively rules out that idiosyncratic shocks Inzj;
follow a random walk. This seems innocuous because our data strongly
reject a random walk in Inzj;, as appendix B.'"® We can thus normalize
idiosyncratic shocks so that E[lnz;,] = 0.

Note that the cross-sectional distribution of flexible prices is allowed
to vary over time in important ways, even when abstracting from idio-
syncratic shocks: (i) for a given set of products, heterogeneity in the
relative price trends II7 induces changes in the cross-sectional distrib-
ution of the flexible relative prices; (ii) as products exit and enter the
market, newly entering products may have different product-specific in-
tercepts p; and time trends IT} than exiting products. Since the para-
meters (pj,II) of newly incoming products are drawn from arbitrary
time-varying distributions, our setup imposes no restrictions on the evo-
lution of the cross-sectional distribution of flexible relative prices over
time.

The optimal reset price. Considering the limit 3 — 1, the optimal
reset price In p?ft solving problem (3) is given by!?

Inpjy’ = (Inpj, — Iny) + < ) (InIl=1InIEG) + f(zze),  (5)

l—«
where N
flzj) =1 —a)E; Z o' In Tjtti- (6)
i=0

17Gee figure A.XI in the November 2018 working paper version of Argente and Yeh
(2022), which depicts the relative price dynamics of newly introduced products using
scanner data.

18This finding does not depend on assuming Calvo frictions.

19Gee appendix C.1 for a derivation.
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The first term on the r.h.s. of equation (5), Inp}, — Inz;;, captures the
deterministic component of the flexible price (4). The second term cap-
tures the effects induced by deviations of actual inflation InII from the
product-specific optimal inflation rate InII}. The last term in equation
(5) captures effects due to the presence of time-varying idiosyncratic
components. Equation (6) shows that it is the expected value of the
idiosyncratic shock over the lifetime of the price that matters for this
component.

Only the second term on the r.h.s. of equation (5) depends on in-
flation. If actual inflation exceeds optimal inflation (InII > InII}), then
the reset price gets pushed up to compensate for the suboptimally high
rate of future erosion of the relative price during periods in which the
price does not adjust. The opposite is true if actual inflation falls short
of optimal inflation (InII < InII}).

Importantly, the optimal reset price In p;ft is equal to the expected
value of the flexible price over the expected lifetime of the price. There-
fore, an initial period in which relative prices lie above (below) the flex-
ible price is followed - in expectation - by a period in which the relative
price falls short (exceeds) of the flexible price. This explains how -
according to the theory - deviations of inflation from its optimal level
induce additional dispersion of prices around the flexible level. This ef-
fect is stronger if prices are more sticky: for a given deviation of inflation
from its optimal level, reset prices react by more, the higher is the degree
of price stickiness ().

The dynamics of the actual relative price. While equation (5)
determines the optimal reset price in periods where prices adjust, the
dynamics of the actual relative price for product j are given by

lnpjt = gjt(lnpjtfl —1In H) + (1 - fjt) lnp?ft, (7)

where &, € {0, 1} is an ¢id random variable capturing periods with price
adjustment (§;; = 0 with probability 1 — «) and no-adjustment (£;; =1
with probability «). In periods in which the price does not adjust, the
relative price falls with inflation.

It also follows from equation (7) that the actual relative price inherits
the product-specific time trend present in the optimal price pjo.f * which
in inherits the trend from the flexible price pj,, see equation (5). We
show next that the variability of the actual price In p;; around this trend
is a function of (i) the deviation of inflation from its optimal level, and
(ii) the idiosyncratic shocks Inxj. This insight turns out to be key
for identifying the marginal effects of suboptimal inflation on inefficient
price dispersion.

12



The first-stage regression. The first step in estimating the effects
of inefficient price dispersion consists of running OLS regressions of the
form

Inpjy =Ina; — (Inb;) - t + uj, (8)

which regress the relative product price on a product-specific intercept
and time trend. To simplify the exposition, we abstract from small
sample issues and focus on population regressions.?’ Regression (8) is of
interest for two reasons. First, the coefficient estimates deliver?!

—

Ina; — Inpj

Inb; — In T, (9)

which shows that the regression allows recovering the deterministic com-
ponents of the flexible relative price, i.e., the intercept term p; and the
product-specific optimal inflation rate II7. Since the actual relative price
follows - in terms of its level and time trend - these deterministic dy-
namics, the effects of inefficient price distortions must be contained in
the residuals of regression (8). In fact, these residuals are the second
reason why regression (8) is of interest. They are asymptotically given
by22

(07

(InIT — InTT))

(10)
where §;; = 0 captures periods in which the price gets adjusted and
&t = 1 captures periods without adjustment, and where f(xj;) is defined
in equation (6). We next discuss the properties of the the regression
residuals (10).

wje = E(tjer — (NI = InIG)) + (1= &) (f (250) + T——

The level of inefficient price dispersion is not identified. Due to
price stickiness (a > 0), the regression residuals u;; in (10) fail to be very
informative about the idiosyncratic shocks, as previously emphasized by
Nakamura, Steinsson, Sun and Villar (2018). The underlying intuition
is straightforward: in periods where prices do not get adjusted, they
reveal no new information about idiosyncratic shocks; and in periods,
where prices get adjusted, their adjustment gives considerable weight
to expected future values of the idiosyncratic shock, particularly when
prices are sticky, see equation (6).

Due to the influence of expected future shock values, the informa-
tion that becomes available upon a price adjustment, i.e. the term f(x;)

20Gmall sample effects are discussed in detail in appendix E.
21See appendix C.2 for a formal derivation.
22Gee appendix C.3 for a derivation.
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defined in equation (6), fails to identify the underlying process of idio-
syncratic shocks Inzj,. Appendix A proves the following result:

Proposition 1 In the presence of price stickiness, observed prices In pj
fail to identify the process for idiosyncratic shocks Inxj,. Consider, for
example, a stationary discrete N -state Markov process for f(x;:). It can
be generated either by a stationary Markov processes for Inxj with N
states or an infinite number of different Markov processes with M > N
states, where M 1is arbitrary and where M — N states in the M -state
process are not states in the N -state process.

Intuitively, different fundamental processes for In z;; give rise to iden-
tical processes for f(z;:), because they imply the same conditional expec-
tations in equation (6). Since the process for Inz;; cannot be identified
from observed prices, it is impossible to estimate ‘price distortions’, i.e.,
the gap between the actual and flexible price. This may explain why the
literature has to date not come up with an estimate of how inefficient
price dispersion responds to (suboptimal) inflation.

It is worth emphasizing that the result in proposition 1 applies more
generally to the case where Inxj; is non-stationary but still contains
some stationary component, e.g., when Inz;; is the sum of a random
walk process In y;; plus an independent stationary Markov process In z;;.
We then have f(Inz;;) = Iny; + f(In z;), so that the process In z;; and
thus In z;; can again not be identified, even if the process for In y;; could
be perfectly recovered from the data.

One way to deal with the identification problem is to bring in addi-
tional information. This is the strategy pursued in Eichenbaum, Jaimovich
and Rebelo (2011) who exploit information on marginal costs in super-
markets to identify price distortions (but do not analyze how they de-
pend on inflation). Yet, information on marginal costs is only rarely
available.

An alternative approach to handle the identification problem is to
impose additional identification assumptions. This is the approach pur-
sued in Baley and Blanco (2021) and Alvarez, Lippi and Oskolkov (2022),
who show that the distribution of price distortions can be recovered from
observed price changes, whenever In z; is a pure random walk, i.e., does
not contain stationary shock components. With a random walk, we have
f(zj1) = Inxj;, so that the size of innovations between price reset times
identifies the innovation variance of the random walk. Yet, the hypoth-
esis of a pure random walk in Inzj; is strongly rejected in our data, as
we show in appendix B.

We now show that it is simply not necessary to identify the level of
price distortions to estimate the marginal effects of suboptimal inflation
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on price distortions. We discuss this point in the next subsection.

Second-stage regression: the marginal effect of suboptimal in-
flation. While the level of price distortions cannot be identified from
observed prices, the theory predicts that the marginal effect of sub-
optimal inflation on price dispersion can be identified. In fact, equa-
tion (5) highlights that any non-zero gap InIl — InII} generates front-
loading of prices upon price adjustment times, as captured by the term
2= (InIl — In H;‘) Likewise, during non-adjustment periods, a gap be-
tween actual and optimal inflation leads to a drift in the gap between
actual and flexible relative prices. Both of these features contribute to
increasing the variance of the regression u;; in the first-stage regression
(10).

Therefore, the variance of first-stage residuals satisfies the following
relationship:?3

Proposition 2 The variance of the first-stage residual in equation (8)
s given by
Var(uj) = v+c- (In1l — In1I})?, (11)

where the intercept

v="Var <(1 —a)E, iai lnxjtﬂ-) (12)

1=0

is a function of the idiosyncratic shock process Inxj;; and the price stick-

iness parameter o, and
o

C —(1 —01)2'

(13)

The intercept term v in equation (11) contains both efficient price
components, e.g., the presence of idiosyncratic fundamental shocks, and
inefficient price components that arise due to price stickiness, see equa-
tion (12). In particular, price stickiness causes the loading on the cur-
rent idiosyncratic shocks to be too low relative to the flexible price case.
Without additional information, it is impossible to further decompose
to what extent v reflects efficient or inefficient forces, which is precisely
the feature preventing identification of the level of price distortions from
observations of actual prices. The second term on the r.h.s. of equa-
tion (11) captures the effects of suboptimal inflation on inefficient price
dispersion. According to the theory, the coefficient ¢ is an increasing
function of the degree of the Calvo price stickiness parameter a.

23See appendix C.3 for a derivation.

15



Equation (11) is a second-stage regression equation and a key equa-
tion we shall exploit in the present paper. It uses the residual variance
from the first-stage equation (8) as left-hand side variable, and the gap
between the (item-level) inflation rate IT and the product-specific opti-
mal inflation II} as right-hand side variable, where II} is also identified
from the first-stage regression, see equation (9). Equation (11) implies
that the marginal effect of suboptimal inflation on inefficient price dis-
persion can be estimated using a cross-section of products for which price
stickiness and the process driving idiosyncratic shocks are the same.

Appendix E describes in detail the two stage estimation approach
that allows estimating the coefficient c. It shows that the second-stage
estimate for ¢ is biased towards zero, due to the presence of first-stage
estimation error. The second-stage estimate of ¢ thus provide a lower
bound of the true marginal effect of suboptimal inflation on price distor-
tions. Since we are interested in rejecting the null hypothesis of inflation
not creating inefficient price dispersion (Hy : ¢ = 0), this works against
our main finding.

The next section briefly shows that the results derived thus far are
not specific to the case with Calvo frictions, but also apply in a setting
with menu-cost frictions.

3.2 State-Dependent Price Setting Frictions

We now present a model with state-dependent pricing. To be able to
get closed-form solutions, we consider a continuous-time setup and a
slightly more restrictive process for the idiosyncratic shocks. Within
this setup, we derive continuous-time analogue to proposition 2. The
firm’s objective (3) becomes:

00 o0
(s 2 (s

{sz’7Anllr?;§i}ioil - /t e (lnijS - lnp;tﬂ) o ng o
(14)

The parameter p > 0 is the discount rate, 7;; are the random adjustment

times and k is the cost paid at the times of adjustment. As with time-

dependent frictions, the firm’s relative price in period 7;; + s is given

by Inpj.., — sInll between adjustment periods, reflecting relative price

erosion due to inflation.

The flexible relative price In pj, follows a continuous-time analogue
of (4) with an additional restriction on the idiosyncratic process Inxj;,
namely that it assumes values from a finite grid {Inzy,...,Inxzy} and

X 24

switches from grid point ¢ to grid point j with Poisson intensity Aj;.

24The restriction is very mild because we do not impose any assumption on the
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Appendix D shows that under p — 0 and for sufficiently small adjust-
ment cost x,%° the OLS regression (8) recovers the exact same coefficients
as in the time-dependent model. Furthermore, the variance of residuals
depends on product-specific suboptimal inflation:

Var(uy) = Var(Inz) + M9 - (In1l — In1T5)* + O((In I1/IT)*),  (15)

where the intercept is again a function of the idiosyncratic shock process,
the quadratic term depends on suboptimal inflation, and O((InII/II%)*)
denotes a fourth order approximation error. The coefficient ¢ is now

a function of the shock process parameters \X = Zj\;l Ay

CMCEE[ L ]
(AY)?

If \X is constant across states, then

MC = % (16)
where A is equal to the adjustment frequency (again up to a fourth
order approximation error O((InII/ H;f)4)) and thus can be directly esti-
mated from the data. The coefficient ¢ ¢ differs slightly from the one in
the discrete time setup with Calvo friction, see equation (13), for which
A =1 — «. This is so because multiple price adjustments can happen
per unit of time under continuous time modeling. Notice also that the
coefficient ¢™“ does not depend on the menu cost x, under the main-
tained assumption that menu costs are small enough. Differences in x
have only fourth order effects in equation (15). This is the reason why
equation (15) now holds only up to a fourth-order approximation error,
while it was exact in the Calvo setup (given the quadratic approximation
to the firm objective), see equation (11).

Perhaps surprisingly, the results obtained from the state-dependent
model are (to the consider order of approximation) virtually the same
as for the time-dependent model.

4 Data Description

We use the micro price data underlying the official U.K. consumer price
index (CPI) for the sample period February 1996 to December 2016,

switching intensities. Even though we are ruling out all processes with continuous
paths, we can still approximate them well with a sufficiently fine grid.

25Note that we do not consider a limiting case k — 0, instead our result holds for
all k < K for some & > 0.
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as obtained from the Office of National Statistics (ONS). The data are
monthly and classified into narrowly defined expenditure items (e.g., flat
panel TV 33inch, men’s shoes trainers, vegetarian main course, etc.).
Given the sample selection described further below, we consider 1033
different expenditure items and 15.4 million price observations over the
considered 20 year period.

A product within an item is a sequence of price observations for a
particular object or service sold in a particular store. The product life
ends whenever a product substitution takes place or when the product
rotates out of the sample.

We then estimate the first-stage equation (8) for every product in the
sample and estimate the second-stage equation (11) at the level of the
expenditure item z = 1,....1033, considering all products j belonging to
the item, i.e., we estimate

@'(szt) = U, + (P (lnﬁz/\ﬂjz)Z + gjz (17)

where m(ujzt) is the variance of first-stage residuals of product j in

item 2z and Inﬁjz the corresponding first-stage estimate of the gap
between the item-level inflation rate and product-specific optimal infla-
tion.?6 Estimation of equation (17) delivers 1033 estimates c,, one for
each expenditure item. We focus in our analysis on the item-level rather
than on the aggregate level because doing so increases the chances that
our two key identifying assumptions (identical degrees of price rigidity &
identical stochastic processes driving idiosyncratic shocks) are satisfied.

The data methodology follows the one used in Adam and Weber
(2022), who provide further details. Starting from the raw micro price
data, we delete products with duplicate price observations in a given
month?” and also delete all price observations flagged by ONS as “in-
valid.” Furthermore, we split observed price trajectories for ONS product
identifiers, whenever ONS indicates a change in the underlying product,
i.e., a comparable or non-comparable product substitution, and when-
ever price quotes are missing for two months or more. This conservative
splitting approach insures that we do not lump together products that
might in fact be different. It leads to a refined product definition that
we use to compute relative prices by deflating nominal product prices
with a quality-adjusted item price index.

26See appendix E for details of the estimation approach, including arguents showing
why two-stage estimation approach only biases the coefficient ¢, towards zero, i.e.,
against finding a role for suboptimal inflation on inefficient price dispersion.

2TDuplicate price quotes can arise because the U.K. Office of National Statistics
(ONS) does not disclose all available locational information underlying the data, so
that in rare cases we cannot uniquely identify the product price.
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Total number of price quotes used 15.4 million

mean median min max
Number of products per item 816 637 101 3,490
Number of price quotes per item | 14,861 11,095 608 73,301

Table 1: Basic product and price statistics

We only include expenditure items for which the item price index,
computed from our micro price data, replicates the official item price
index provided by ONS sufficiently well. This leads to a selection of
1093 expenditure items from the 1233 contained in the raw data. Fur-
thermore, we only consider products with a minimum length of six price
observations and expenditure items containing at least one hundred of
such products.?® This leads us to the 1033 expenditure items that we
use in our empirical analysis.?? Table 1 reports basic statistics on the
number of products and price observations.

4.1 Descriptive Statistics of the Regression Inputs

This section presents key descriptive statistics about the variables enter-
ing the first and second-stage regression equations. Since we run these
regressions for more than one thousand expenditure items, we report
the distribution of key moments of the variables of interest in the cross-
section of items.

The left column in figure 3 depicts the distribution of the mean and
standard deviation of the length of product life. For most items, the
mean product length ranges between 10 and 25 months, which is long
enough to estimate an intercept and slope parameter in our first-stage.
The bottom left panel in figure 3 highlights that there is a considerable
amount of variation in the length of product lives within each item. We
exploit this feature below to present estimates that are based on products
whose price can be observed for at least twelve (instead of six) months.

The top right panel in figure 3 reports the distribution of the mean R?
values of the first-stage regression (46) across items. For most items, the
intercept and time trend tend to capture on average between 30% and
50% of the observed variation in relative prices. The remainder of the

28We also eliminate expenditure items for which the estimated residual variances
are zero for all products. The latter occurs when prices never adjust within an item,
which is the case for less than a handful of items capturing administered prices.

29Not all these items are present throughout the sample period, as expenditure
items get added and removed. For the average year, we have 503 expenditure items.
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Figure 3: Descriptive statistics: first-stage regression

variation goes into the regression residual, the variance of which enters
our second-stage regression. The bottom right panel in figure 3 depicts
the distribution of the mean autocorrelation of these residuals. The
autocorrelation is significantly below one, showing that the assumption
of a random walk is implausible given our data.?’

The top left panel of figure 4 reports the mean standard deviation
of the regression residual across items.? For most items, the average
standard deviation ranges between 2% and 4%. The standard deviation
of the standard deviation of residuals is shown in the bottom left panel
of figure 4. It highlights that there is a considerable amount of variation
in the left-hand side variable of our second-stage regression, which is
desirable.

The top right panel in figure 4 depicts the distribution of item-level
means of the suboptimal inflation rate.3? For the vast majority of items,
the average suboptimal inflation rate lies between +0.5% per month.
The lower right panel in figure 4 shows the within-item standard devia-
tion of suboptimal inflation. The cross-product variation is significant,
with a standard deviation ranging between 1/3 and 2/3 of a percent on

30Gee appendix B for formal tests of the random walk hypothesis, which are based
on price observations form price adjustment periods.

31'We report moments of the non-squared variables entering the second-stage re-
gression to increase readability of the figures.

32See appendix F for information on the cross-sectional distribution of the product-
specific optimal inflation rate II7,.
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Figure 4: Descriptive statistics: second-stage regression

a monthly basis in most items. This shows that our second-stage right-
hand side variable also displays a considerable amount of variation.

5 Price Distortions at the Product Level: Empiri-
cal Results

This section reports our estimates of the coefficient ¢, in equation (48),
which captures how suboptimal inflation distorts relative prices. We
perform the estimation at the level of 1033 finely disaggregated expen-
diture categories, the so-called U.K. expenditure items, to ensure that
the key identifying assumptions of identical degrees of price rigidity and
identical stochastic processes for idiosyncratic disturbances hold.

Our baseline results are presented in section 5.1 and the subsequent
section documents their robustness along a number of dimensions. An al-
ternative estimation approach, which exploits only within-product vari-
ation, is presented in section 5.3 and leads to very similar conclusions.

5.1 Baseline Results

Figure 5 presents overwhelming evidence of the notion that suboptimal
inflation gives rise to price distortions at the product level. It depicts the
distributions of the estimated intercepts (top left panel) and the coeffi-
cients of interest ¢, (top right panel) obtained from estimating equation
(17) across 1033 expenditure categories z. The coefficient ¢, captures the
marginal effect of suboptimal inflation on inefficient price dispersion. In
line with the underlying sticky-price theories, 97% of the estimated co-
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Figure 5: Baseline results from estimating equation (17)

efficients are positive.

The bottom row in figure 5 reports the distribution of ¢-statistics of
the coefficients shown in the corresponding top panels. It shows that
95% of the estimated coefficients ¢, have a t-statistic larger than two,
while only 0.5% have a t-statistic below minus two.

Moreover, the mean R? value of the second-stage regression (17) is
17%, which highlights that suboptimal inflation explains a sizable part
of the cross-product variance of first-stage residuals.®® This is the case
despite first-stage estimation error contributing to unexplained variance
in our second stage regression.

The point estimates for ¢, are not only positive and statistically sig-
nificant for the vast majority of expenditure categories, but also quan-
titatively large: the average point estimate is equal to 10 and implies
that a monthly inflation rate that lies 1% above (or below) its optimal
level** increases the variance of the first-stage residual by 0.1% and thus

33Recall that item-specific constants do not contribute to the R? values of the
second-stage regressions (17).

34The 1% number is approximately equal to two times the median value of the
standard deviation of the inflation gap in the data, see the lower right panel in figure
4.
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Figure 6: Estimation with actual inflation only on r.h.s. (equation (18))

its standard deviation by 3.2 percentage points, which appears sizable.?’
Since first-stage estimation error causes the second-stage estimates of c,
to be biased towards zero, we refrain here from a further quantitative
interpretation of the point estimates. Instead, we will assess in section 6
the quantitative importance of relative price distortions using (unbiased)
first-stage estimates only.

Inflation versus Suboptimal Inflation. It turns out to be impor-
tant for our empirical results that the right-hand side of equation (17)
features suboptimal inflation rather than simply the level of inflation. To
show this, we estimate the alternative second-stage regression

@(szt) =v,+Cy- (@)2 + Ejzs (18)

where @ denotes the average item-level inflation rate during the
lifetime of product j. This specification counterfactually imposes zero
optimal inflation rate for all products. Figure 6 shows that the coeffi-
cients c, are then more or less symmetrically centered around zero with
most of them being statistically insignificant: only 20% of coefficients
have a t-statistic larger than two, while 12% have a t-statistic below
minus two. Thus, one would wrongly conclude that inflation produces
no price dispersion, if one assumed that the product-specific optimal
inflation is equal to zero, as the simplest sticky price models actually
suggest. This result also highlights that our baseline findings emerge
due to cross-sectional variation in the product-specific optimal inflation
rate.

35The reported increase in the standard deviation assumes that fundamental shocks
and measurement error are absent (v, = ¢;, = 0) in equation (17).
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Figure 7: Obseved (A,) and estimation-implied (A¢) price adjustment
rates.

Price Stickiness. The underlying sticky price theories suggest that
the coefficient ¢, increases in the degree of price stickiness, see equations
(13) and (16). We now investigate the empirical relationship between
the estimated coefficient ¢, and the observed price adjustment rate at
the item level.

In a continuous time setup, with constant price adjustment rate A,
in item z, the share of non-adjusters per unit of is equal to e ®:. The
monthly share of non-adjusters a, in item z can be measured directly
from the data, which provides an estimate of the implied instantaneous
price adjustment rate:

A, =—-Ina,.

We compare this estimate to the estimate implied by our regression
coefficients ¢,. To this end, we back out an implied instantaneous price
adjustment rate from c, using our theory. This delivers®¢

AT =4/1/ <cz—|—%>.

36This follows from equation (13), which implies

e = Qy - efAZ
Tol—a)? (1—ets)
1 1
= =1 — — A2
(Az)2 12 + O( 2)7

where the approximation in the last equality is taken for the limit A, — 0. Using the
. .. . . . 2
menu cost setup, we arrive at very similar implications, namely: ¢, = 1/(A,)"—1/12.
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Figure 8: Robustness to adding a linear term (equation (19))

Figure 7 presents a scatter plot with observed price adjustment rate
(A.) on the y-axis and the estimation-implied adjustment rate (AS) on
the x-axis. While both measures display a strongly positive correlation
equal to +0.6, the linear regression line in figure 7 has a slope that is
equal to 0.34 only, while the predicted slope is unity. This is consistent
with a substantial downward bias in our estimated coefficients c,, due
to the presence of first-stage estimation error. Nevertheless, the posi-
tive correlation between observed and implied price adjustment rates is
encouraging and in line with the underlying theory.

5.2 Robustness of Baseline Approach

We now explore the robustness of our baseline results in a number of
directions.

Adding Linear Terms. Sticky price theories predict that only the
squared deviation of inflation from its optimal level should explain vari-
ance of the first-stage regression residuals. In particular, a linear term
consisting of the gap between inflation and its optimal level should have
a zero coefficient. We test this overidentifying restriction by running
regressions of the form

@"(ujzt) =0, + vlz . lnﬁz/\H}fz +c, - (lnﬁz/\l_[;fz)2 + €t (19)
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Figure 9: Longer price series in first stage (at least 12 price observations)

and checking whether v! ~ 0. We also check whether the estimates for
the coefficients ¢, remain unaffected by the presence of the linear term.

Figure 8 reports the distribution of the estimates of v (top left
panel), the estimated coefficient ¢, (top right panel), and the distrib-
ution of ¢-statistics for these coefficients (corresponding bottom panels).
In line with sticky price theory, the coefficients v! are indeed tightly cen-
tered around zero. Moreover, the distribution of estimated ¢, and the
distribution of associated t-statistics hardly move relative to the base-
line.

Reducing First-Stage Estimation Error. One possible economet-
ric concern with the baseline estimation approach is that first-stage esti-
mation errors are large and lead to substantial attenuation in the second
stage. The quantitative relevance of possible attenuation effects can be
evaluated by restricting attention to products in the first stage sample
to products with a sufficiently large number of price observations. Thus,
we consider only products with at least 12 monthly price observations
(rather than six). If the concern is valid, this subsample should increase
the point estimates in the second stage.

The left panel in figure 9 compares the distribution of the estimated
coefficients ¢, to the baseline outcome. As expected, the distribution
of estimates moves to the right, suggesting that first stage estimation
errors lead to a downward bias in the second stage baseline estimates.
However, the distribution of ¢-statistics, displayed in the right panel of
figure 9, remains largely unaffected, possibly due to the decline in the
number of observations in the second-stage.

Including Sales Prices. Our baseline estimation removes all sales
prices from the sample, mainly because the underlying sticky price theo-
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Figure 10: Estimation including sales prices

ries typically do not model sales. Our results are robust to including also
sales prices in the estimation, as shown in figure 10: the distribution of
estimated coeflicients ¢, (left panel) and ¢-statistics (right panel) remain
almost unaffected by the inclusion of sales prices.

Nonlinear Time Trends. Our baseline approach allows for a linear
time trend in relative prices in the first-stage regression equation (8).
Importantly, the linearity assumption is no crucial for our empirical re-
sults. To illustrate this, we recompute the first-stage residuals allowing
also a quadratic time trend and then use the residuals obtained this ways
in our second-stage regression (11). The outcome is depicted in figure
11. It shows that the point estimates for the coefficient ¢, are then some-
what closer to zero, possibly due to attenuation effects associated with a
more noisy first-stage estimate of the linear coefficient. Still, more than
97% of the point estimates are positive and 93% of all coefficients have a
positive t-statistic larger than two, which is very similar to the baseline
result.

5.3 Exploiting Within Product Variation

The baseline estimation exploits cross-sectional variation across products
within narrowly defined expenditure categories to identify the coefficient
¢,. An important identifying assumption is that idiosyncratic shocks are
driven by the same stochastic process for all products within an item.
Equations (11) and (15) show that product-specific processes for idio-
syncratic shocks would give rise to product-specific intercepts in the
second-stage regression. If unobserved shock heterogeneity varies sys-
tematically with our second-stage regressor (the squared of suboptimal
inflation), then second stage estimates could be driven by heterogeneity
in unobserved shock processes, rather than the effect of inflation on price
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Figure 11: Nonlinear time trend in first-stage regression

dispersion.

We address this concern by also estimating the coefficient of interest
¢, using only within-product variation. Specifically, we split the life
of each product into its first and second half and exploit variation in
item-level inflation across the two lifetime subsamples to estimate c,.
Since equation (17) holds for either subsample, we can then take first
differences of equation (17) and estimate

_ _ — N2 N2
Vari(uj.e) — Vara(uj.) = c, ((hl H}:/H;‘Z> — <ln Hi/H;Z) ) +¢52,
(20)
where Vary(u;.¢) and Vare(u;.:) denote the residual variances in the
first and second half of the product lifetime, respectively, and InTIL/ IT%,

and lnﬁz/\ﬂjz the respective suboptimal inflation rate.?” Specification
(20) is considerably more demanding than our baseline specification, as
it relies purely on variation of suboptimal inflation over the product
lifetime, rather than on cross-product variation in suboptimal inflation,
as is the case in our baseline.

Figure 12 depicts the regression outcomes and compares them to our
baseline findings.?® The estimated coefficients in the left panel tend to
be even larger than in our baseline specification. At the same time, they
tend to be estimated less precisely, causing a shift in the distribution of
t-statistics in the right panel of figure 12 towards zero. Nevertheless, the

37TThis rate can be obtained by estimating equation (47) in appendix E separately
for the first and second half of product lifetime.

38To alleviate concerns about a missing constant, we also add a constant to re-
gression equation (20). The specification without the constant leads to very similar
outcomes.
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Figure 12: Estimation using within product variation (equation (20))

share of point estimates with a t-statistic larger than two still stands
at 88%, while only 2% of the estimated coefficients have a t-statistic
below minus two. This strongly suggests that our baseline results are
not driven by unobserved product heterogeneity in the underlying idio-
syncratic shock processes.

6 Cross-Sectional Price Dispersion over Time

The analysis so far focused on price distortions at the product and item
level. This section considers the cross-sectional distribution of prices and
shows how to decompose it into (i) a component capturing elements of
the flexible price distribution, and (ii) and a remainder identifying vari-
ation in inefficient price dispersion over time. Inefficient price dispersion
covaries positively with aggregate inflation over time, as shown in our
introductory figure 1, and is sizable in absolute terms. At the same time,
inefficient price dispersions is modest in size relative to overall price dis-
persion. As one might expect, most time-series variation in overall price
dispersion is explained by variation in component (i).

6.1 Decomposing Cross-Sectional Price Dispersion

From the sticky price theories analyzed in section 3, it follows that the
price of product j in expenditure category z evolves over time according
t039

Inpj; =Inp;, —Inll}, -+ wjuy, (21)

39See equation (38) in appendix C.2 for the case with Calvo frictions and equation
(39) in appendix D for the case with menu costs.
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where the residuals u;,; have mean zero, are independent across j and
z, and have variance over time equal to

Var(uj.) =v, + ¢, - (Inll, —In H;Z)z. (22)

We are now interested in decomposing the cross-sectional variance of
prices, denoted by Var’/(Inp;.;), of the products present at some time ¢
in some item z. We then evaluate how this measure of cross-sectional
price dispersion depends on the item-level inflation rate II..

Suppose there is a unit mass of products in item z and that a share
of products randomly exits the sample each period and gets replaced by
newly sampled products. Newly sampled products may have different
characteristics than the products that leave the sample. Thus the distri-
bution of product characteristics {p;,, II%,} within the item may change
over time.*°

Appendix F shows that time variation in the distribution of opti-
mal inflation rates is minor, which allows us to consider a time-invariant
cross-sectional distribution of optimal inflation rates {II},}. Specifically,
we assume that upon entry of a product into the sample, the optimal
inflation rate IT%, is an ii.d. draw from {II{',IT}*, ..., IT;"}, where IT%' is
chosen with probability m’ > 0, >, m’ = 1. In contrast, the distrib-
ution of estimated intercepts {pj,} is strongly moving over time in the
data. We thus allow for arbitrary time variation in the distribution of
intercepts for newly incoming products.*!

Given this setup, we obtain the following decomposition result:*

Proposition 3 Let Var’(-) denote the variance in the cross-section of
products j. Then, the cross-sectional dispersion of prices in expenditure
category z at time t is given by

Var’(Inp;.) = Var (Inpj, —InIl}, - 1) + Var! (uj,), (23)

where ‘ -
Var! (wj) = v, +c, - Z(ln I, — InIT3")*m’. (24)

7

40We assume that upon the time of entry, the residual Ujz¢ is drawn from the
stationary residual distribution for products with characteristics (p;fz,H;fz). This
is justified by the fact that newly sampled products in our data typically do not
represent truly new products, instead products that are newly sampled by the Office
of National Statistics.

41 The covariance between the distribution of intercepts {pj.} and optimal inflation
rates {II7,} is also left unrestricted.

42See appendix 3 for the proof.
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Equation (23) decomposes the cross-sectional price dispersion into
two components. The first component, Var?(In P, — Inll%, -1), captures
identifiable elements of the flexible price distribution. We obtain this
component using our first stage estimates of (a;,,b;.) from equation
(8). The second component, Var?(u;.;), depends on the constant v, and
¢,y (In T, —In IT¥*)?m?, which captures - according to the theory - price
distortions induced by inflation.*3 Using our our first-stage residuals, we
can estimate Var? (u;,;) as Var? (;,;). The decomposition in proposition
3 holds at each point in time in setting where inflation II, is constant.

The decomposition also applies in a setting where inflation is chang-
ing slowly over time.** Equation (24) thus provides a theory-implied
relationship linking (yearly) inflation rates I1,; to the cross-sectional dis-
tribution of first-stage residuals Var?(u;,;) (at the end of the year). De-
pending on the distribution {II**} of optimal inflation rates, an increase
in II,; can lead to either an increase or a decrease in inefficient price dis-
persion: if average optimal inflation rate (3, II¥*m?) lies below actual
inflation, then inefficient dispersion is predicted to increase with infla-
tion. The opposite is true if the average optimal inflation rate lies above
actual inflation. It is thus an empirical question whether higher inflation
rates lead to more or less inefficient price dispersion in the data, which
is investigated in the next section.

6.2 Inflation and Cross-Sectional Price Distortions
over Time

The present section investigates the comovement between inflation and
inefficient cross-sectional price dispersion over time. It considers first
comovement at the level of expenditure items and then comovement at
the aggregate level.

6.2.1 Item Level Results

From proposition 3 and the subsequent discussion follows that inefficient
price distortions correlate positively (negatively) with item-level inflation
over time, whenever the average optimal inflation rate (>, IT¥'m’) lies
below (above) actual inflation. For inflation rates close to the average
optimal level, this correlation is predicted to be close to zero.

43In the absence of price stickiness, we have ¢, = 0 so that price dispersion does
not depend on inflation.

44Suppose inflation changes from year to year and that the inflation rate is equal
to II,; in year t. If price setters expect future inflation to be equal to II,;, then
our steady-state pricing results continue to apply. (Such expectations are justified
whenever I1,; follows a random walk.) And since the vast majority of prices adjusts
over the course of a year, inflation rates from earlier years will not matter for the
cross-sectional dispersion of prices.
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To test this prediction, we compute the correlation between the cross-
sectional variance Var? (ujz) and item-level inflation II,; over time, us-
ing all items for which we have at least three years of data.’> The top
panel in figure 13 depicts the resulting distribution of correlations across
items, using all correlations with a p-value less or equal to 10%. The bot-
tom panel depicts the distribution of p-values.® Figure 13 shows that
there are significantly positive and significantly negative correlations,
but more positive than negative ones.*” Proposition 3 implies that pos-
itive (negative) correlations should emerge whenever optimal average
inflation (}°, II**m’) lies above the average actual inflation rate in the
item. Figure 14 shows that this is indeed the case: the figure depicts the
outcome of a regression of the gap between optimal and actual inflation
on the correlation and its square. The regression line behaves in line
with theory, with the statistically significant parts being fully aligned
with the theoretical prediction.*®

6.2.2 Aggregate Results

We now consider an economy-wide measure of inefficient price dispersion.
To this end, we aggregate the residual variances (24) across items to an
economy-wide dispersion measure using item-level expenditure weights.
We then compare time variation in aggregated residual dispersion with
time variation in aggregate inflation, as aggregate inflation is also an
expenditure-weighted average of item level inflation.

The bottom panel of our introductory figure 1 depicts the resulting
aggregate price dispersion measure together with the aggregate infla-
tion rate.*” Both measures covary positively, with a correlation equal
to +0.58 that is significant at the 1% level. This shows that higher
aggregate inflation rates are associated with larger amounts of relative
price distortions because time variation in the dispersion of first-stage
residuals captures time variation in relative price distortions.

Importantly, this result is not driven by outliers in the distribution
of first-stage residuals. For instance, results are similar when removing
at the item level the 2.5% highest and 2.5% lowest residuals before com-

45This is the case for 696 expenditure items.

46206 of the 696 correlations have p-values smaller than 10%.

47This result is robust to choosing tighter p-values, e.g., a value of 5%, or to
considering all correlations, independently of their p-value.

48This continues to be true when restricting consideration to a linear regression
or when including a third order term into the regression. However, the regression
coefficient on the third order term is not statistically signficant.

“Figure 1 displays annual dispersion and annual inflation to remove within-year
seasonalities in price dispersion and inflation. Both measures are computed as a 12
month average of monthly dispersion and monthly year-over-year inflation rate.
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puting the variance of first-stage residuals. Likewise, computing instead
a robust dispersion measure, as in Nakamura, Steinsson, Sun and Villar
(2018), leads to very similar outcomes.?

By proposition 3 , the positive correlation between aggregate infla-
tion and inefficient price dispersion is driven by products with optimal
inflation rate II}, that lie below the actual inflation rate.

This theory prediction can again be tested. To do so, we now group
individual products according to their optimal inflation rate. Specif-
ically, we consider the 1/3 of products with the highest and the 1/3
of products with the lowest optimal inflation rate in each expenditure
item and then recompute inefficient price dispersion for these two sub-
groups.’!

The top group of products has an (unweighted) average optimal in-
flation rate that varies between +2.5% and 45.5% over time, which
roughly covers the range in which actual inflation moves. The bottom
group, however, has a deeply negative optimal inflation rate that ranges
between —6% and —10% over time. According to the theory, this group
should display a strong positive correlation between inefficient price dis-
persion and inflation over time. In contrast, the top group should display
no or only a weak correlation with inflation.

This is indeed what we find: the correlation between inflation and in-
efficient dispersion is weak (+0.19) and statistically insignificant (p-value
of 0.40) for the top group, but strongly positive (+0.54) and significant
(p-value of 0.01) for the bottom group. In line with sticky price theory,
the positive correlation between inflation and inefficient price dispersion
at the aggregate level is thus driven by products with optimal inflation
rates that lie below actual inflation.

6.3 Bounds on Price Distortions and Flexible Price
Dispersion

This section derives upper and lower bounds on the amount of relative
price distortions from inflation and discusses the drivers of the trends
present in overall price dispersion. Inefficient price distortion is sizable,
giving rise - on its own - to a standard deviation of log prices of several
percentage points. At the same time, the amount of price dispersion

*0Following their approach, we aggregated the interquartile range (IQR) of first-
stage residuals at the level of each expenditure item and then use the expenditure-
weighted median to aggregate across items.

>1'We split products within each expenditure item, rather splitting products across
all items combined, to avoid that results are driven by compositional effects. As
is well-known, the average optimal inflation rates varies systematically in the cross
section of items.
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due to inflation-induced distortions is dwarfed by the dispersion already
present under flexible prices.

It follows from proposition 3 that the (aggregated) variance of first
stage residuals represents an upper bound on the amount of inefficient
price dispersion that is due to inflation.?> The upper bound of the vari-
ance reached in the lower panel of figure 1 is approximately 2.5 - 1073,
Therefore, absent any flexible price dispersion, inefficient price dispersion
gives rise to a standard deviation of prices of at most v/2.5- 1073 = 5%.
While this is quantitatively large, inefficient dispersion accounts for
about 1% of the overall price dispersion, see the upper panel of figure 1.

A lower bound on the contribution of inflation to inefficient price
dispersion is given by the min-max range of the variance of first-stage
residuals, as the time-varying component is - according to the theory
- due to inflation. This range is approximately equal to 1.5 - 1073 and
implies (in the absence of flexible price dispersion) that inflation would
induce variation in the standard deviation of prices of up to v/1.5 - 103 =
3.87% over time. Again, this appears sizable in absolute terms.

The overall dispersion of prices, however, is overwhelmingly driven
by price dispersion that is also present under flexible prices. Figure
15 depicts overall price dispersion (the expenditure-weighted item level
variances Var/(Inp;,;)) together with the dispersion of the identifiable
components of the flexible price dispersion (the expenditure-weighted

2This is so because the intercept v, in equation (24) is not due to inflation.
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item level variances Var/(Inpj, — InII}, - t)).

Figure 15 shows that the identifiable component of flexible price dis-
persion makes up for the vast majority of the observed price dispersion
and also closely tracks it over time. Since time variation in the distri-
bution of optimal inflation rates (InTl7,) is very limited, virtually all
time-series variation is coming from time-series variation in the cross-
sectional dispersion of the intercepts (Inpj,).>®

This illustrates that time series variation in overall price dispersion
is to a large extent driven by time series variation in flexible price dis-
persion, which is also strongly rising over time.

Increasing flexible price dispersion may reflect a number of economic
forces, such as widening in the distribution of (flexible price) mark-ups,
the productivity distribution across products, or the distribution of un-
observed product qualities. The large increase in flexible price dispersion
explains why aggregate inflation fails to covary with overall price disper-
sion (top panel in our introductory figure 1).

7 Conclusions

This paper documents three important new facts: (1) at the product
level, deviations of inflation from its product-specific optimal level are
robustly associated with an increase in inefficient price dispersion; (2) at
the aggregate level, time-series variation in aggregate inflation covaries
positively with aggregate measures of inefficient price dispersion, with
this relationship being driven mainly by products whose optimal inflation
rate is low; and (3) the time series variation in overall price dispersion is
closely tracked by the identifiable part of flexible price dispersion, which
strongly suggests that time series fluctuations in overall price dispersion
are driven by fundamentals other than inflation.

Taken together, these findings provide considerable support for the
economic mechanisms enshrined in sticky price models and the monetary
policy conclusions they give rise to.

In future work, we seek to investigate to what extent inefficient price
dispersion is associated with inefficient dispersion in product demand
(misallocation). This requires observing product quantities, in addi-
tion to observing product prices. While this is feasible only for a much
narrower set of products, studying the misallocation of quantities is an
important step that could provide further support for the view that sub-
optimal inflation gives rise to significant welfare costs.

»To make comparisons meaningful over time, figure 15 reports the dispersion
coming from intercepts using the normalized intercepts Inpj, —II7, -t?z, where tgz is
the time period in which the product first enters the sample.
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A Proof of Proposition 1

In this section we prove that it is impossible to recover the price gap
distribution if shocks are stationary. Suppose an econometrician ob-
serves the infinite path of actual prices Inp;; and it is known that
this path is generated under the time-dependent friction and station-
ary shocks Inzj;. The econometrician can recover the N values of the
vector f = [f1,..., fv] of f(z;) as defined in (6):

flxj)) =1 —a)E; Z(a)i Inzj;.

=0

In addition, the econometrician can recover the N x N transition matrix
Af:
)‘{1 T )‘{N
Af — . . .

Moo Mo
where )\ij is the probability of observing f; in the subsequent period,

conditional on observing f; in the previous period.”® From the definition
of f(z;:) it follows that:

f=(1-a)lnx+ aA"f

where Inx is the state vector of the process In zj; and A* is its transition
matrix. Setting A = A/ and solving the above equation for Inx =
Inzy,...,Inzy] provides a candidate for the process Inz;; that leads to
the observed process f(x;;). However, as we show below, this candidate
solution is not unique and the observed N-state process of f(z;;) can be
equally supported by an (N+1)-state process InZ;;, defined on the grid
InX = [Iny,...,InTx,InZnyq] with (N41)x (N +1) transition matrix

A”. Such a process would lead to an (N+1)-state process of f(xj), with
fi=fiforalli < N and fy = fyi1 = fv, making f(z;,) and f(z;,)
observationally equivalent, provided the transition probabilities of A"
imply A/. To construct such a process, set InZ; = Inx; for all i < N,

InZy =Inzy—cand InZy,; = Inxzy +¢ for a sufficiently small € > 0.5

% This can be achieved by conditioning on price spells of length one.
%5 0One requirement for ¢ is that InZx and In& ~+1 do not coincide with existing
values of Inz;. A stricter condition on the size of ¢ is introduced below.
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We now construct the transition matrix A* in the following way:

)‘9101 /\%2 s )‘91&(N—1) >‘910N/ 2 XfN/ 2
AT = | Moy Al /\J(CN DAV l)N/2 Alv-1)n /2
ANT AR - AR N(N-1) N)\f ~,\Jf‘
/\fNH) N2 oo (N+1)( 1) Afn Aj

All elements in black are borrowed directly from the A* matrix, whereas
elements in red are to be solved for.® The first (N—1) rows of A” ensure
that for all 7 < N:

~ NJrl~ ~
fi:(l—a)lnzii—l—ozZ)\fjfj

Jj=1

N-1 . @
:(l—a)lnxi+a2)\fjfj+< ;N+’7N> fn=1i
j=1

We now have to set the elements in red (M, \%, ;\%Nﬂ)l’ \%,,) such
that fx = fyi1 = fn. For i = N it requires:

N—-1
fv=Q0-a)nay —)+ ol fitad Nofi+ 2\ fn

= fy — (1= @) + a(\gy — Moy) i + @23y — Maw) fv = fv

Denote Z;V:_zl \Nj = ), then it must be the case that A%, + A+ 2% = 1
to ensure that A” is a proper transition matrix. The same applies to the
elements of A”: A%, + A+ A}y = 1. Substituting A}, and Ay in the

above equation and rearranging terms yields:

1—a €
f1 In

For ¢« = N + 1, a similar line of arguments leads to:

_ T
Nl_)‘Nl

~ 1-— l—a ¢
\E — )\
(N+1)1 N1 o fl fN

and the remaining elements A%, and \% 1 can then be recovered using the
fact that all rows of A” sum up to one. € must be small enough to ensure

56We order states such that A%; > 0 and A%, > 0. This is without loss of
generality since In x; is a stochastic process, implying that there exists a state ¢ such
that for at least two states ji and j2, Af;, > 0 and AJ;

132
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that A%, A%, :\"(”\ 1)1 and AT ., areall € [0,1]. Such ¢ always exists since

we have ordered the states to ensure A\%;; > 0 and A% > 0 and there are

infinitely many of them. It remains to show that transition probabilities

in A” imply A/. This holds trivially for all transitions between states

fi and f; such that 7,5 < N. It is also true for transitions from f; to

fn when i < N /{szince the probability of transiting from f; to fy is then
NN x

equal to % + = = Ajy. Finally, note that states Inzy and Inxyy

have the same unconditional probability,”” and therefore the probability
of moving from fy to f; is equal to 3 NE A+ S\fNH)i) = M}, for all
¢ < N. This implies that the probability of staying in fy is also the
same as in the original process (A% ).

Therefore, we have constructed an N+1-state process In Z ;; that leads
to the same process f(z;;) as the N-state process Inz;;. By induction

this step can be repeated arbitrary many times.

B Testing for a Random Walk in Idiosyncratic Shocks

This appendix shows that our data strongly rejects the presence of a
pure random walk in Inz ;. One can test for a random walk in Inx;; by
exploiting the fact that the optimal reset price upon price adjustment
involves a constant gap relative to the flexible price, whenever Inzj; is
a random walk. This holds true with Calvo frictions, see equation (5),
but also for the case with menu cost frictions.

Consider the times ¢, (n = 1,2,...N;,) during which the price of
some product j in expenditure item z adjusts. Given the constant gap
property, we have

o ln popt

opt
Inp it

Jztni1

=—InlIl}, - (tp11 —tn) +In€jonp (25)

where
Inej1 =nwjy,,, —Inz,,.

With a random walk in In z, the residuals In e are uncorrelated over time
and have adjustment-time-dependent variance (¢, — t,)o?, where o>
denotes the innovation variance in the random walk in expenditure item
z. These two properties can be tested.

To test for the adjustment-time-dependent variance, we use all ob-

servations (tp1 — ty, ejznﬂ) within some item z to run the regression

(h’l eij)Q =a, + bz(thrl - tn) (26)

5TThe unconditional probability satisfies p = (A“’)’ p, and the last two columns of

A” are identical, implying identical values of py and py 1.
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Figure 16: Random walk test, equation (26)

and check whether b, = 02 > 0 as predicted by the random walk. Figure
16 reports the distribution of the estimated b, and the associated t-
statistics using all products with N;, > 3. It shows that the random
walk hypothesis b, > 0 is strongly rejected by the data.

Second, we can also test if the residuals Ine in (25) are uncorrelated
over time. To do so, we re-scale residuals according to (In€;.,41) /v/tn+1 — tn
to make them homoskedastic under the null hypothesis of a random walk.
We then compute the autocorrelations C{oﬁ"z = 60\112 / @Z of these re-
scaled residuals within each item z, using the variance and covariance
estimates for all products with N;, > 3:

lnejzn
Moo o, (GES)
> (Nikz = 2) =" Nj. =2

Var, =Y,

In €jzn lnejzn_H

_ Jz szfl \/tn*tn—l \/tn+1*tn
Cov, =) il=v—=

> (Nie = 3) =" Nj. =3

The left panel in figure 17 depicts the estimated autocorrelations across
items. Almost all of the estimates are negative, and most of them siz-
ably so, which is inconsistent with Inz;., following a random walk. The
right panel in the figure reports the bootstrapped p-values for the au-
tocorrelation being weakly larger than zero, as implied by the random
walk, and shows that these values are very low.

We then repeat the analysis when exogenously imposing II7, = 0
for all products in the first-stage regression. This is motivated by the
possibility that the estimated time trends II7, could be purely spurious
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Figure 17: Autocorrelation of residuals and bootstrapped p-values (ran-
dom walk implies autocorrelation of zero)

in the presence of a random walk in Inz;,;. While the estimated coeffi-
cients b, in (26) are then symmetrically centered around zero (but still
not predominantly positive), the evidence on the auto-correlation of the
residuals remains almost identical to the one shown in figure 17 for the
case with an estimated time trend II}, in the first-stage regression.

Based on these findings, we conclude that unobserved shocks in our
data do not follow a pure random walk.

C Details of the Calvo Model

C.1 Quadratic approximation and optimal reset price

The price-setting problem of firm j in price-adjustment period t is to
set its price Pj; such that it maximizes the expected discounted sum of
period profits,

E, Za’QtﬂgH [(1 + T)Pjt - ijtﬂ'] Yijtri (27)
— i
P\’
subject to Y = <P] ) Yiii, (28)
i

where (2,1, denotes the stochastic discount factor of the representative
household, Yj; denotes output of product j, mc;; real marginal costs
and 7 is a sales subsidy. Equation (28) states product demand of the
cost-minimizing household that derives utility from a CES consumption
composite aggregating the products in the economy with substitution
elasticity 6 > 1.
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We approximate the profit objective (27) around a balanced growth
path in which aggregate output and consumption grow at constant rate
~¢, and where gross inflation is equal to II. With growth-consistent
preferences that exhibit constant relative risk aversion, the household
discount factor is given by Q = w (7¢)"7 < 1, where o denotes relative
risk aversion and w is the rate of time preference. Substituting this
expression for the discount factor into equation (27) yields

o0

By Z(aw (V) )+ T)Bjers — mesird] Biers) "y (29)

where pji; = pth*" and p;; = Pj;/P;, and y denotes detrended aggre-
gate output. Real marginal costs evolve according to

*

mej; = mcje_(ln Hf')taijt, (30)

where the product-specific time-fixed effect mc; is drawn randomly at
the time of product entry from some arbitrary distribution. As described
in the main text, II} is the efficient rate of relative price decline under
flexible prices and x; is a stationary process with E[lnz;] = 0.

By equation (29), the objective for period ¢ + i is given by

Dijiyi = [(1 + 7)elnPirti eh‘mcjt“} (elnﬁjt“)fe Y. (31)

We approximate this objective to second order in the variables Inpj;
and Inmcjy; around the deterministic paths of the flexible price and
marginal costs, respectively. The deterministic path of the flexible price
is equal to

19mc§ilffri
where mc?ft denotes the deterministic path of marginal costs which is
equal to the value of marginal costs mcj; imposing z;; = 1, and ¥ =
%14%7 denotes the flexible-price markup.

The second-order Taylor approximation of equation (31) yields

— — nmcd_et . ~ e
Djeyi = (W 9) ell =0 nmeis [ — 0(Inpjevi — ln(ﬁmcgtii)y
+20(Inpjrsi — ln(ﬁmc?f}ri))(ln mejeri — Inme$)] + O(3)
= (—0yv~?) (mc?fii)lfe (Inpjesi — ln(z(}mc?fji) — (Inmejpp; —In mcfﬁ)f + t.ip. + O(3)

= (—0yv~?) (mc?fii)lfe [Inpje; — ln(ﬂmcjt+i)]2 + t.i.p. + O(3),

(32)
where t.1.p. collects terms independent of policy and it follows from equa-
tion (30) that mcjet, = meje” MIDED - Thus, we rewrite the Taylor
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approximation coefficient in the previous equation according to
—Oy9~° (mcje_(lnr[;)(”i))le = —0y9~Ome;(I13) O~ D0H),

We can now express the expected discounted sum of period profits in
equation (29) accurate to second order according to

—Hyﬁ’emc H* O-1tp, Z aw (7)) 77 H*)a hy? [lnﬁjtﬂ—ln(ﬁmcﬁﬂ)}2+t.i.p.+0(3)

which is proportional to
- . . 2 .
—E, Z(ozﬂ]) [Inpj —ilnIl —In(p},.,)]” + t.ip. + O(3) (33)
i=0
after substituting pj;y; = pth_i and denoting the firm discount factor
by 8; = w (v¢)'77 (II})?~* and defining

p;t+7j = 19TTLCjt-&-z‘

which implies using equation (30)
* In H*

P, = pje

which is equal to (4) for p; = Jme;. While pj;, denotes the firm’s flexible
price, the ratio of two firms’ flexible prices is equal to the efficient relative
price for these firms, whenever price mark-ups are constant across firms
and time. In this special case, p}, denotes also the efficient relative price.

We can then express the flexible price in period ¢ + i as

xjt?

—(InII%)i

* ok —1
Pjtvi = Pji€ Tjt+iT jy

and substitute into equation (33), which delivers

max —F, Z(aﬂ]) (Inpj —1 In(IT/IT%) — Inpj;, — In 2544 + In a:jt)2 :
7t i=0
(34)
The first-order condition is given by
0=—2F, Z(aﬂj) (lnp‘)pt — i In(I1/IT}) — Inpj, — In@jpy; + Inay)
i=0

which implies that the optimal price is given by

lnp0pt lnp;’ft—lnxjt+(1 fﬁajﬁ) In(IT/115) + By (1—af3;) Z aB) Inz iy
J =0
(35)
since Y oo (af))'i = > (af;)i = % with af; < 1. For the limit

B; — 1, this reduces to equation (5).

45



C.2 Asymptotics of the first-stage regression
Starting with equation (7), we substitute Inp??* using equation (5) and

J
also use (4) to obtain

«

Inpj; = &i(Inpj_1—InI)+-(1-E;) <lnp;f — tInII} + -

In(1/15) + £
(36)
where f(z;;) is defined in equation (6).
To derive the OLS estimates of the parameters in equation (8), we
rearrange equation (36) to

Inpj; +tInll} = Ei(lnpje1 +(t—1)In IT} — ln(H/H}‘)) (37)

+(1—¢&) (lnp; + 1 1H(H/Hj) + f(ﬂfgt)) .

(67

-«
Computing the unconditional expectation yields

Ellnpj +tInIl}] = aE[lnpj + (¢t — 1) In 1] — o In(I1/1T7)

+(1—a) (1np;f + m(n/n;f)),

(%

-«
using independence of &;; and E|[f(z;:)] = 0. Given stationarity of the
detrended relative price Inpj; + ¢ Inl1I}, the previous equation yields
Ellnpj; +tInIl] = Inpj,
or
Inpj = Inp; —tInTI; + uyy, (38)

where u;; denotes an expectation error with zero mean. This shows that
for regression (8) we get

IEEJ- — Inp;

l@ — InII7,
as the number of price observations becomes large.

C.3 Proof of proposition 2

This appendix derives equations (10) and (11) in the main text. We
substitute equation (38) into equation (37), which yields directly yields
equation (10). Squaring equation (10), taking unconditional expecta-
tions, and using independence of {;; yields

C_mmy/m))?,

jt

Elug] = EGE|(wjea—In(1/T5))* 1+ B[(1=&0)*|E [ (f (j0) 47

—
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where we also used E[(1 — &;1)&;:] = 0. We can rewrite the previous
equation using E[¢?] = a and E[(1 — &)%] = 1 — «, completing the
squares to obtain

E[u?) = aE[u?t_l + ln(l‘[/l‘[}'f)2 — 2uj;—y In(I1/11%)]

(1= @B[fla + (12 W) )+ 27 (o)

(0% «

In(I1/11})].

— —

Recognizing that the expectation of the cross terms in the previous equa-
tion are zero because Efuj| =0 and E[f(x;;)] = 0 yields

«

Bl = Bl (/I 4 (1-0) ELf (a0 +(1-0) 12 /) )

—

Using E[u?] = E[u3,_,] and simplifying terms yields

Elujy] = E[f(zj)*] +

jt

Q *\2

Recognizing that Var|uy] = E[u3], as Eluy] = 0, and Var[f(z;)] =
E[f(x)?], as E[f(zj)] = 0, delivers equation (11).
D Details of the State-Dependent Model

D.1 Setup and OLS regression

Let zj; = Inpj; — Inpj, be the deviation of the current relative price of
product j from the flexible price optimum. Then in between adjustments
zj¢ follows:

dzjt = dIlnpj; —dlnp}, = — (Inll — In1I}) dt — dInzj

——
15
N
dlnzj = Z(ln z; — Inzj)dJ (Inzj)
i=1

where dJ;(Inz;;) is a Poisson jump process with intensity dependent on
the current state Inzj;. Since Inpj; = Inpj, + 2, it follows that:

Inpj; = Inp; +Inzj —tInIl} + 2 (39)
E [Inpj; + tInIT}] = Inp} + Ellnzj] +E[z;]
=0
And thus the estimates of OLS regression (8) converge to
IEE]- — Inp;

l@ — InlI7,
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if E[zj;] = 0, which is true in the limiting case as p — 0, as shown
below.?® Furthermore, residuals and their variance can be written as:

uje = Inpj —Inp: +tIn1l} = 25 + Inzy
Var(uj) = E[z?t] +2E[zjilnxy] + Var(Inw;,) (40)

D.2 Solution

To simplify notation, we omit the product index j. The firm’s objective
is to maximize its value from equation (14), given by:

fe'e) o0
/ e P2dt + K Z e m
0

i=1

V(z,z;)) = max —F
{mi,Azr 3524

20 = %,y = {L'Z]

The firm’s policy consists of a collection of inaction region boundaries
{z(x;),Z(z;)} and reset price gaps 2(z;), for alli € N. The HJB equation
for the inaction region is given by:

pV(z, ;) = —2° — pd.V(z, x;)

—I-Z)\ (z— (Inz; — Inwzy),z;) — V(z,2;))
J#i

The optimal policy satisfies the usual smooth pasting and optimality
conditions: 0,V (2(z;),z;) = 0,V (z(z;),x;) = 0,V (Z(x;),x;) = 0 and
Viz(x;),x:) = V(Z(;), z;) = V(2(x;), 2;)—k. Definev(z, ;) = V(z,2;)—
V(2(x1),x1). Then:

2

pu(z,x;) = —2° — pd,v(z, x;)

+ Z A (v(z — (Inz; — Inxy), z;) — v(z, ;) — pV (2(z1), 21)
J#i
with 0,v(2(z;), ;) = O,v(z(x;), x;) = O.v(Z(x;), x;) = 0and v(z(z;), ;) =

v(Z(x;), z;) = v(2(x;), x;) — k. We now take the limit as p — 0.

Proposition 4 As p — 0, the scaled value function pV(z,z) at any
state {z,x} converges to a constant: lin% pV(z,x) = A€ R Vz, .
p—

58While this result is shown formally under the assumption of sufficiently small
K, it holds more generally. As p — 0, the firms’ value until adjustment becomes
the negative expected squared deviation of price gaps from zero, maximizing which
requires setting the expected price gap to zero.
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All proofs are provided in section D.3. By Proposition 4, liH(l) pv(z, ;) =
p—
0 and hII(l) pV (2(x1), 1) = A, so that:
p%

Nv(z, 1) = —2% — pd.v(z, ;)

—l—Z)\ (z—(Inz; —lnwx;),z;) — A
JFi

where AX = 3% iz Ny = —Aj is the intensity with which Ina; is exiting
state i. Evaluate the above expression at z = 2(x1),z; = x7 to obtain:

N
A== (3x1)" + Y M0(E(n1) — (Ina; — Inxy), ;)
J#1
Lemma 5 There exists kK > 0 such that firms find it optimal to adjust

after every change in x for all Kk < K.

Suppose that x is small enough in the sense of Lemma 5. Then firms
find it optimal to adjust whenever idiosyncratic state x changes its value.
The HJB equation becomes:

N(z, 1) = —2% — pd.v(z, ;)

N
+ Z)\fj{v(é((xj),xj) — )\;Xn —A

J#i
with

J#i
and value function satisfies:

22 2z 2 C;
D PN 79 CRNG - VO v

C; = Z)\fj(-v(é(xj),azj) R |
JF
0-0(2(2:), 1) = Ozv(z(w:), 1) = O:0(Z(w:), 24) = 0
v(E(i), 2:) — & = o(z(2:), 1) = v(Z(2:), 2:)

v(z, ;) = Cle™ " —

X
with a; = AL As long as state x remains unchanged, price gaps evolve
deterministically with drift —u. It thus suffices to solve for the reset
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price gap and only one boundary of the inaction region. From now on,
we consider p > 0 and solve for 2(z;) and z(z;) since the upper boundary
of the inaction region is irrelevant. Because of symmetry properties of
the model, it is straightforward to then recover the solution and all
statistics for p < 0. To ease notation, let 2(x;) = Z; and z(z;) = z;.

Lemma 6 Suppose x> 0. Then for each state x;, optimal policy is
determined by the following two conditions:

where a; = “-—

Conditional on state x;, the price gap distribution satisfies:

)\sz ) 1o, fz< )

[ o

and is thus given by:

It follows that:

o] = / 2 fi(2)dz =

Bl2?|z] = / 2fi(2)dz = T g (43)
z; Q;
E[:* = E, {Zi +' L _ 24 (44)

where E,[-] is the expectation with respect to stationary distribution of
.

(A;)Q} 12+ 0(4).

Finally, note that E[zz] = E|z;E[z|z;]] = 0 and the main object of
interest — the variance of residuals from the OLS regression (8) —is given

Proposition 7 For p close to zero, E[2?| = F {
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1
Var(uj) = Var(lnz;) + E ) M? +0(4)
S
=Var(lnz;) + E Oy (InII — InIT¥)* + O(4)

D.3 Proofs

Proof of Proposition 4. The proof here extends Lemma 3 in Online
Appendix of Alvarez et al. (2019) to a setting with two state variables.
Let V(z,z,p) be the value function in state {z,x} under discount rate
p. We can write pV (z,x, p) as follows:

N
P Z ePﬂ']
=1
0 o
/ €_p(TN+t)Z72_N+tdt + K Z 6_P7N+i]
0 i=1

~

TN
pVi(z,x,p)=—FE [p/ e”tzfdt} — RE
0

(.

pE [e’/”'N V(z,—N STy ,p)]

where 7y is the N-th adjustment and all expectation operators are
conditional on 2y = z,x9 = x. Subtract pE [e "NV (z,z, p)] from both
sides and divide by (1 — E [e""™]) to obtain:

P R Pk S
= . E —pi
pV(z,z,p) 1—Eer ]E {/0 e ztdt] 1 e ]E e

i=1
p

TWE [e_pTN (V(ZTNa Trys P) - V(Z, X, p))}

Take the limit as p — 0. Note that 1—E[ep_PTN] — E[iN] and thus:

1 ™ kN
li =——F 2 —
plE)I(l)pV(Z,x,p) E[TN] |i/(; tht:| E[TN]

B [TN} LIL% E [V(ZTN7J;TN7 P) - V(Z, L, p)]

By Lemma 8, |V (2, %y, p) — V(z,2,p)| < C € R for all p > 0 and
thus this also holds in the limit as p — 0. As we take the limit with
N — o0, the first term converges to the unconditional expected squared
gap E[z?], the second term converges to adjustment frequency )\, times
adjustment cost x, and the third term vanishes as F [ty] — oo. Thus
})iiI[l) pV(z,x,p) = —E[2)] — k)N, = Aforall z,z. m

ol
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Lemma 8 There exists C € R such that for any p > 0 and any z,x, 2, 2,
\V(z,z) = V(' 2) <C.

Proof. First, we show that pV(z, ;) is bounded from below. To see
that, recall that V'(z, x;) is achieved under the optimal adjustment policy,
meaning that the value of any feasible policy is weakly lower. Consider
the following policy: the firm adjusts its price gap whenever it is hit by
a Poisson x shock. In addition, it also adjusts at random times with
Poisson intensity \;, which is specific to each state x;. These intensities
satisfy the following condition: A\ + \; = max; \X = )\, such that in
every state z; firms adjust with equal intensity A. Since adjustments
occur exogenously, firms only choose the reset price gap Z; to maximize
expected profits until the next adjustment:
20 = iz}

T o
max F —/ e P2l |2 = 2| =max E —/ e (P2
zi 0 zi 0

Because in between adjustments price gaps drift deterministically (z; =
— pt) and adjustment intensities are equalized across states, optimal
reset price gap does not depend on = and satisfies FOC:

X N s _ s M
e z—ut)=0— 2 = ——
/0 (2 — ut) P

Denote by V(z, z) the value function under this policy. Since 8.V (2, z;) =
0, evaluating the HJB equation at Z yields:

Pv(ﬁviﬂi)2—22%-/\@'(‘7(2,33,')—%— z$l>+2/\ ( (2,2j) — Kk —
N J#i .
= =23 AN (V3 ) = V(z)) — (Ai +3 Af)
J#i J#i .
i\

It is straightforward to show that ‘7(2,@) V(2,z;) for all ¢ and j.
Assume the opposite and let T = max; V (2, 2;) and v = min; V (2, z;).
Then:

pv = —2%* + Z )xw)] (f/z x]) E) —\K

J#i(v) -

o+ Z )\Z(U)J (V Tj) — Q) —AK = pv

j#i(v) ~~ -
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Meaning v = 7. As a result, pV (2,2;) = —3% — Ak = —ﬁ — Ak >

—A&z — Ak for any p > 0. Thus for the true value function evaluated
at the true optimal reset price gap Z(x;) it holds that pV (Z(z;),z;) >
pV (2,2;) > —5 — Xk for all p > 0.

Consider now the true value function V'(z,z;) and pick ¢ such that
V(2(x;), x;) = max; V(2(z;), x;). The HIB equation for this value func-
tion satisfies:

_i_j — Mk € V(B i) = — (@) —p .V (3(:), )

-~ -~

<0 =0

+ Z)\ V(Z(x;)—(Inz;—Inz;), x;) =V (2(z;), ;)

i <V(2E;j)7l‘j)

< Z/\ V(2(x)),2;) = V(2(x,),2,)) <0

-~
J#i <0

It follows that whenever )\fj{ > 0:

( [;z - )"i) /)‘X < V(2(xj),z;) — V(2(x;),z;) <0

For the states j where A = 0 we can bound the difference V' (2(z;), z;) —
V(2(x;), x;) iteratively because the network of z; is connected (every two
states are connected by some path). In addition, for any z, z;:

V(2(xs),x:) —k < V(z,2;) < V(2(x;), 2;)

Therefore there exists C' € R such that for all p > 0, |V (z,z2)=V (2, 2")| <
C for all z,x,2/,2'. =

Proof of Lemma 5. Consider a model M in which firms are forced to
adjust after every change in z, but can also adjust at other times and
choose the boundaries of inaction regions and reset price gaps. Suppose
we now allow the firms to adjust whenever they find it to be optimal.
They will adjust their policies {z(x;), 2(z;), Z(x;) }Y, only if changes in
x keep price gaps within the bounds of inaction regions. Otherwise the
optimal policy in model M and in the model of interest coincide, meaning
that firms find it optimal to adjust after every change in x. To see that,
compare the HJB equations in the original model (first line) and model
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M (second line):

Nu(z,25) = —2% — po.v(z, x;)

N
+ Z)\gv(z —(nz; —Inz;),z;) — A
J#i
Nv(z, 1) = —2* = pd.v(z, ;)

+ D A (W(E(),75) — k) — A

J#i

If upon the change in z, z — (Inz; — Inxz;) & [2(z;),Z(z;)], then v(z —
(Inz; — Inwx;),z;) = v(Z(x;),z;) — k and the value functions in the
two models coincide. Therefore, % is such that min;; [Inz; — Inz;| =
max; Z(z;) — min; z(z;) in model M. Such & > 0 always exists since for
all 4 ,lfi%z(xl) = ,l{%g(xl) =0. m

Proof of Lemma 6. From 0,v(%;, z;) = 0 and 0,v(z;, x;) = 0 it follows:

. 2% 2 2z, 2
CPRle 7¥-7] ? v, —0G2, =
—;Cle " — — + —= =0= —q,C/e” "% — + —
X X i~ X X
—q;CY — 2o | 20 0= —qu(v _ 22€75 | 2eM5
i~ X x — VT Ty X X
¥ (1 — %) = e%i (1 — az2;)
Similarly:
. 2% 2 2z, 2
(e iz . T _ T (Ve iz, . T _=
a;Cle X + X T a;Cle % X + PP
) 17 7 17\
Creeiti y 2 green 4 2E
K3 1
QA QG \;
C;:Ueaz(gi Zl) — C,;U + ealéiozT (45)
i
From v(Z;, ;) — k = v(z;, x;) it follows:
52 5. 2
Va0t _ zZ n 2z; L= (Veizi _ Z; n 2z,
! X X ! X X
7 (2 7 17\
N . 2721—2 22—7:’2
C;Jeaz(zi ;) + e%iZi ( X—Z> =t = v k|l = CZJ

22— 52 =Xk

i —

where the last line follows from (45). =



~ z. 0z, E 2 i
Lemma 9 For every state x;, zi‘?)—‘z =2z ;LZ = %

Proof. The first equality follows directly from the first order derivative
of equilibrium condition (41) with respect to u. For the second equality,
differentiate equilibrium condition (42) and collect terms:

. 0z % 0z; 2
eaizi |:_Z — _Z 22 — eaizi = _ = z

o p o pl™
0%; zi ] oz .
(1 —ayz;) [ i Z—} Zi=(1— ;%) [ L _ é] 2
o p o p
0 1 — iz, J(1— ai%
2 B0yt — gzy) = L 20 05
9 I
Oz; 122 —22 — 2z, (5 — 2;)
Zipo == -
o p a;i(Zi — z;)
1 [él +z . } E[2%|z]
plooo 7
where the second line uses (42) and the third line uses Z; %ii =z ?ii. n
Lemma 10 As u— 0, 2, — 0, z; — —/ Ak and E[2?] — 0.

Proof. Combine equilibrium conditions (41) and (42) to obtain:

X
(M + )\iX\/ )\ZXK + 23) — (,U, i )‘1)(27,) \e’\; (2¢+\//\1X/-c+2i2>4

-~

N _ >0
TV
>0

Since the LHS is always positive, and so is the exponent on the RHS,
lir% z; = 0. It then follows from (41) that lin%) z; = —\/A\¥k and from
n— n—

(44) that lin% E[z*’]=0. =
n—

Proof of Proposition 7. From Lemmas 9 and 10, and equation (43)
it follows that:

, 0% 1 Wi — MK 2z,
== 40 _Zi0A
S on A HAY z;
1 Zi 1
. R T ~i N A{
Nmzi = A e A Mm%

!
_ ZiZy

At the same time, by Lemma 9: Z; = =5, and by Lemma 10: lim i—% = 0.

p—0 ~i
It then follows that:

s —4+0()  14+00)

S X 21
zZ; A Z]

Q| R

—1

o()=73 =
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And therefore lir% 2] = %. From (41) it follows that lin%) 2z, = 0 and
H— i n—

from (44) that lin% ag_[f] = 0. If 2; is twice differentiable at ;1 = 0, then
n—

due to anti-symmetry (Z;(p) = —2z;(—p)), 2/(0) = 0. It follows that

7

2= 5% +0(2) and % = & + O(3). Using Lemma 9 we obtain that:

7

1+ 0(4)

(XY’

()

Lemma 11 Suppose \X = A for all i. Then, as p — 0, adjustment
frequency A, = A+ O(4).

Proof. Since \X = A, we can omit the i index. The expected stopping
time 7(z) solves the following ODE: A7(z) = 1 — ud,7(z), together with
boundary condition 7(z) = 0, and is given by 7(z) = 1 (1 — e*&9). It

follows from Lemma 6 and equation (44) that:

1 1

A
T () kYT

Il
I
[
—~
I
[}
|
5
I
N
~

Lemma 10 implies that as 4 — 0, A, — A. Furthermore:

oA, 1 <2 9z 8E[z2]>

o K gﬁ_,u a o
_ L (GEE] _
= (2 o QF + 0(3)) =0(3)

where the last line follows from Lemma 9 and Proposition 7. Therefore,
«=AN+0(4). =

E Details of the Regression Approach

This section discusses econometric details associated with estimating our
key equation (11), which relates inefficient price dispersion to subopti-
mal inflation at the product level. In our baseline empirical approach, we
estimate equation (11) at the level of finely disaggregated expenditure
items, exploiting variation across products within the item. Our sam-
ple contains more than 1000 expenditure items, so that obtain a large
number of estimates of the coefficient of interest ¢ in equation (11).

We use a two-step estimation approach, because neither the left-
hand side variable nor the right hand-side variables in equation (11) can
be directly observed. This section presents this approach and discusses
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how first-stage estimation errors affect second-stage regression outcomes.
In particular, it shows that first-stage error biases the estimates of the
coefficient ¢ towards zero, i.e., towards finding no marginal effect of
suboptimal inflation on inefficient price dispersion.

Our first-stage estimation consists of a seemingly unrelated regression
(SUR) system that contains two equations. The left-hand side variable
in equation (11) can be estimated using the residuals of relative-price
regressions of the form

Inpj: =Ina;, — (Inbj,) -t + ujz (46)

where j denotes the product and z € {1,..Z} the expenditure item
under consideration, with Z being the total number of expenditure items
in our sample.?

Estimation of the right-hand side variables in equation (11) would
require estimating the average inflation rate, InII,, and the product spe-
cific optimal inflation rate, InII7,. Having two first-stage estimates on
the right-hand side of equation (11) is, however, unattractive on econo-
metric grounds.” A more parsimonious way to proceed is to estimate
instead directly the gap between the item-level and product-specific op-
timal inflation rate (InIl./TI},) in the first stage. This can be achieved
by adding the price level equation

InP,=InFy+1Inll-¢t

to equation (4). Adding the item-level subindex z, we obtain for every
product another first-stage regression of the form

In Py = Inay. + (InIL/IL,) - £ + U (47)

where P;,; denotes the nominal product price. Equation (47) shows that
the time trend in the nominal price of the product directly identifies
the gap between item-level inflation and the product-specific optimal
inflation rate. Equations (46) and (47) jointly make up our first-stage
seemingly unrelated regression (SUR) system.

Since the SUR system (46)-(47 does not feature exclusion restrictions,
OLS estimation is identical to GLS estimation, despite the presence of
correlated residuals. OLS estimation delivers an unbiased estimate of
the gap InTIL. /T, and an unbiased estimate of the residual variance of
interest,

— ]_ Y
Var(uj,.) = T 3 Z (ujzt)2 ;
jz "

% To simplify notation, the previous sections have suppressed the item index z.
60Tt requires discussing, amongst other things, the covariance in the estimation
errors of these two right-hand side variables.
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where T, denotes the number of price observations for product j in item
z.

The first-stage estimates for each product j within expenditure item
z can then be used to estimate the second-stage equation

—

Var(uj.) = v, + ¢, - (lnﬁz/\ﬂjz)z +¢j, (48)

using OLS estimation. This delivers an estimate of ¢, for each each
expenditure item z = 1,...,Z. The error term ¢;, in equation (48)
absorbs measurement error of the left-hand side variable, as discussed
below, as well as the higher-order approximation errors implied by menu-
cost models, see equation (15).

While the first-stage estimates @(ujzt) and lnﬁz/\ﬂjz are unbiased,
they are contaminated by sampling error. Sampling error is an important
concern because the product price time series underlying the first-stage
system can be relatively short. Fortunately, the effect of the first-stage
sampling error consists solely of biasing the estimate of ¢, towards zero,
as we now show next.

To illustrate this point, we assume that the first-stage residuals are
normally distributed. (The more general case with non-normal errors
is discussed in appendix E.1 below.) W}El\estimating the SUR sys-

tem (46)-(47), the estimation error in InII, /I, is orthogonal to the
estimation error in the residuals {u;.:}, by construction of the OLS es-
timate. With normality, both estimation errors are also independent of
each other. Therefore, the estimation error in Var(u;.;) on the Lh.s. of

equation (48) is independent of the estimation error in (InTI./IT%,)* on
the r.h.s. of the equation, because both variables are nonlinear transfor-
mations of independent random variables.

First-stage estimation error on the Lh.s. of equation (48) thus takes
the form of classical measurement error: it does not generate any bias
in the second-stage estimates of c,, instead gets absorbed by tkﬁzgres—
sion residual ¢;.. However, first-stage estimation error in (InII./IT},)?
biases the second-stage es/tigate of ¢, towards zero. This is so because
measurement error in (InII,/ H;fz)2 generates a classic attenuation effect.

In addition, estimation error in InTI, /IT%, raises the expected value of

(lnﬁz/\H;ﬂ which generates a further bias towards zero.

Our second-stage estimates for ¢, thus provides a lower bound of the
true marginal effect of suboptimal inflation on price distortions. Since
we are interested in rejecting the null hypothesis of inflation not creating
inefficient price dispersion, Hj : ¢, = 0, the bias is working against our
main finding.
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A. el price regression: skew/(u, )

B. nom. price regression: skew(u, )

D. nom. price regression: kurt(u, )
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Figure 18: Skewness and kurtosis of the first-stage regression residuals

Finally, to insure that our results are not driven by outliers, e.g.,
ones associated with errors in price collection, we eliminate within each
expenditure item all products falling into the top 5% of the distribution
of residual variances Var(u;,) and the top 5% of estimated inflation

gaps (InTI/IT%,)* when running our second-stage regression.

E.1 General Case with Non-Normal First-Stage Resid-
uals

Figure 18 reports the skewness and kurtosis of the first-stage regres-
sion residuals of equation (46) (left-hand side panels) and equation (47)
(right-hand side panels) across the considered expenditure items.! The
top panels show that skewness is centered around zero and relatively
tightly so, in line with the zero skewness of the normal distribution. For
kurtosis, shown in the lower panels of figure 18, the situation looks dif-
ferent. Kurtosis values often lie above the value of 3 implied by a normal
distribution.

We now show that quite similar arguments as for the normal case
apply to our second-stage estimates of ¢, when first-stage residuals fail to
be normal. In fact, to insure that there is at most a downward bias in the
second-stage estimate of ¢, it is sufficient to insure that the estimation
error in the Lh.s. variable Var(u;,) in equation (48) is orthogonal to
(rather than independent of) the estimation error in the r.h.s. regressor

(InTL/TT,)2.
Recall that the errors in (InIl./IT},) and {uj.;} are orthogonal by

61 The measures use outlier trimmed residuals by considering the 2.5%-97.5% quan-
tile of the residual distribution.
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construction. A violation of orthogonality between (lmﬁz/\ﬂjz)2 and
@"(ujzt) can thus only arise because these variables are nonlinear rather
than linear functions of lnﬁz/\ﬂ;z and {uj. }, respectively. This illus-
trates that violations of orthogonality conditions are somewhat unlikely
to emerge on a priori grounds, even in the absence of normality.

We show below that orthogonality of the estimation errors in (lnﬁz/\l'[;‘fz)2

and @(ujzt) holds whenever the residuals satisfy

2
)

Cov[((o,l)(X’X)_IX’u(O,l)’> (1,04 Mu(1,0)[X] =0,  (49)

p_ (111,
X_(012... (50)
is the matrix of first-stage regressors and M the matrix defined in (51)
below. Condition (49) is a condition on the true residuals u, which is
satisfied in the special case with normal errors. Condition (49) holds
by construction when replacing the true residuals u by the estimated

OLS or GLS residuals u, thus cannot be tested empirically using the
regression residuals.5?

where

To understand why condition (49) insures that the same outcome is
obtained as with normality, consider our first-stage regression system,
which takes the form of a seemingly unrelated regression (SUR) system:

Y =X 06 +_u.,
N A A
Tx2 Tx2 949 Tx2

where X denotes the (deterministic) regressors defined in (50) and Y’
the stacked vector of the left-hand side variables (pj.¢, Pj.:) in equations
(46) and (47). Letting u; denote the residuals at date ¢ and u the stacked
residual vector, we have F[u;] = 0 and

2
Var(u;) = (UH v12) )

2
V12 Vg

62Using the notation introduced below, this follows from the fact that
X'V X)XV a

— (XVX) T XVI - X (X'VTX) T XVhY

=0
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Since the SUR system does not feature exclusions restrictions, OLS es-
timation is identical to GLS estimation. In particular, the OLS/GLS

estimate E of 3 is given by
B=(X'X)"'XY

and the regression residuals by

U = MY = Mu where M = (I — X (X'X)™" X' (51)
Tx2
We have
Elu'ulX] = E[x_ MM _u_|X]
A~

2¢T TxT Tx2
=FE[u M u |X]

S Sy

22T TxT Tx2

= tr(M)E[u'u|X]

2
. 1 ?}11 V12
- 2
T — 2 \ V12 Vi ’

An unbiased estimate of the residual variance v, is thus given by

5 _ (1L,0)Wu(1,0)

n= T_9 .
The estimation errors in the Variables used in the second-stage regression,
ie., of <(0, 1) (E— [3) (0, 1)') and (Un — v%), are orthogonal if and

only if

(52)

Bl( (0.1 (3-5) 0.1
& E[((0.1) (X'X) " X"u(0, 1) )2 (M - v%1> X]L0
& BI((0,1) (X'X)™ Xu(0, 1)/)2 (M _ U§1> X] L0
The last equality holds if and only if

( 1 X"u(0, 1)’)2 (1’0)/;,]14;(1’0) 1X]

_ E[((o, 1) (X’X)_l Xu(0,1)') 44| X],

(1, 0) uM’ Mu(1, 0)]

which is the case if and only if condition 49 holds, as E| B (AAT)

2
V11-
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Figure 19: Distribution of product-specific optimal inflation rates II7, in
1996 and 2016 (monthly rates, unweighted)

F Cross Sectional Distribution of Product-Specific
Optimal Inflation Rates over Time

Figure 19 depicts the cross-sectional distribution of product-specific op-
timal inflation rates II7, across all products and all items in the first and
last year of our sample (1996 and 2016). It shows that this distribution
is remarkably stable over the considered 20 year period.

G Proof of Proposition 3

From equation (21) we get

Var’ (Inpj.) = Var’ (Inpl, —InIL%, - t) + Var’ (uj.)
+ C’ovj(lnp;‘fz, Ujzt)
—t-Cov’(In IT; Ujst)-

We next show that Cov’(Inpi,, u;.,) = Cov’ (In1L},, u;.) = 0 :

Cov’ (In ., ujz) = E[Inpiuje] — BV Inpl,] EY [ug.]
=0
= E’[E’[In Pi iz | ]
= B [Inp}, B/ [u;.|p;.]]
=0
=0.
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Similarly:

Cov? (In I, Ujot) = E{ln H;Zujzt] — F[ln H;Z]Ej [ 51]
=0
= B [E/In 1T}, u;.4|1T5,]]
= Ej [ln H;ZEJ [uj2t|H;z]]
=0
=0.

It thus only remains to compute the cross-sectional variance of residuals,
Varj(ujzt). These residuals are described by a mixture distribution in

which one first draws the relative price trend Hz(i) with probability m.;.
Subsequently, we draw corresponding residuals u;.¢. Since the residuals
are independent across j, the cross-variance of residuals for any given
@ s equal to their variance over time, as given in equation (22).
Therefore, the variance of the mixture distribution is given by equation
(24).
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